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Connecting Partitioned Frequency-Domain Filters in
Parallel or in Cascade

Marcel Joho Student Member, IEE&nd George S. Moschytkife Fellow, IEEE

Abstract—The efficient implementation of connected filters They can even be implemented for filter lengths exceeding the
is an important issue in signal processing. A typical example is sjze of the fast Fourier transform (FFT).

the cascade of two filters, e.g., an adaptive filter with a time-in- Another typical situation occurring in adaptive filtering is

variant prefilter. The filtering and adaptation is carried out very . . 1y
efficiently in the frequency domain whenever filters with many When two FIR filters are connected in cascadi¢y™') =

coefficients are required. This is implemented as a block algorithm  @(¢~*)b(¢™*). One of them is time invariant and the other
by using overlap-save or overlap-add techniques. However, in adaptive, which is the reason not to combine them into a single
many real-time applications also, a short latency time through the filter. This situation occurs, e.g., in adaptive beamforming [10],
system is required, which leads to a degradation of the computa- 1111 \where a time-invariant filter is used to calibrate a sensor

tional efficiency. Partitioned frequency-domain adaptive filters, dis foll db dantive filter. In oth tical i
also known as multidelay adaptive filters, provide an efficient way &1¢ 1S followed Dy an adaptive filter. In other acoustical applica-

for the filtering and adaptation with long filters maintaining short  tions, e.g., teleconferencing systems, two adaptive systems are
processing delays. connected together, an echo canceller and a multichannel blind

This paper shows a computationally efficient way of imple- deconvolution stage [12]-[15]. Both contain adaptive filters
menting two or more partitioned frequency-domain filters in 1,1 \yith different update strategies. This makes it difficult to

cascade or in parallel when their filter lengths are large. The bine the filt int inale adantive filt ith a ioint
methods presented require only one fast Fourier transform (FFT) COMPINE e Ters into a single adaptive filter with a join

and one inverse fast Fourier transform per input and output port, Update equation.
respectively. The FFT size can be even smaller than the length of  This paper presents a computationally efficient implementa-
the filters. The filters can be either time invariant or adaptive. tion of two or more |ong FIR filters in cascade or in para||e| by
Index Terms—Cascade of filters, connecting filters, filters in par- ~ using filter partitioning, for applications in which a small pro-
allel, frequency-domain adaptive filters, multidelay adaptive fil- cessing delay between the input and output of the system is re-
ters, partitioned frequency-domain adaptive filters. quired. Update equations are given for the case where the filters
are adaptive. The outline of the paper is as follows: in Section I
the frequency-domain least mean square (LMS) is described, in
o Section lll filter partitioning and the partitioned frequency-do-
A. Problem Description main LMS is introduced, Section IV contains the main contri-
DAPTIVE algorithms are used nowadays in many applBution of this paper and describes how partitioned filters can
cations related to acoustics or communications. In sorhe combined efficiently in cascade, parallel, or in a combined
cases, time-invariant or adaptive finite-impulse response (FIRghion. In Section V, the computational complexity of the pro-
filters are required with many hundreds or even thousands psfsed algorithms are investigated, and in Section VI a simula-
filter coefficients, e.g., echo cancelling [1], active noise contrdion example is given.
[2], or multichannel blind deconvolution [3], [4]. In such situ- )
ations, the filtering and adaptation is usually carried out in tHe Notation
frequency-domain using block processing with overlap-save orThe notation used throughout this paper is the following. Vec-
overlap-add techniques [5]. Computationally efficient block aters are underlined, matrices are boldfaced, vectors and ma-
gorithms use a large block size and avoid a large overlap ligees in the time domain are written in lower case, and vec-
tween two succeeding input blocks. This results in a large priwrs and matrices in the frequency domain are written in upper
cessing delay through the system, which might be unacceptatdseP is a projection matrixF' is the DFT matrix of dimension
for many real-time applications. One way to reduce the pr6* x C whereC is the size of the DFT or FFT, i.e(F),, =
cessing delay is to increase the overlap between two input vegp(—j(27/C)ab) for a,b=0,...,C — 1andj = /-1. Ma-
tors, but this leads to a degradation of the computational effiix and vector transpose, complex conjugation, and Hermitian
ciency.Partitioned frequency-domain filteralso known asul-  transpose are denoted by”', (-)* and(-)¥ = ((-)*)7, respec-
tidelay filters provide a way out of this problem. They have aively. (-)((-1) denotes an element-wise inversion of a vector
short system delay and can be implemented efficiently [6]-[9)r a matrix. The element-wise multiplication of two vectors or
matrices is denoted by. The sample and block indices are de-
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[16], [17], .9..¢ %x(t) = z(t — d) andg~**z[k] = z[k — d]. andH = Fh, respectively. Of course, the FFT is used here for a
deg(-) gives the degree of a polynomial §it. All filters con-  fast implementation. The linear convolution in the time domain
sidered in this paper are FIR.{-} denotes the expectation op-s now replaced by an element-wise multiplication between the
erator. Rounding to the next smaller or larger integer is denotieghut and filter vector in the frequency domain

by || and[-], respectively, anda), = a — |a/b] - bis the re-

mainder wher is divided by the nonzero integér Vector or Y[k = H® X[k] (12)
matrix dimensions are given in superscript. - R
’ perserp yli] = P,EY[k] (13)
. L LxC
C. Tlm(-'.' Domain Fllterlng - - P, = [OLX(C_L) ILXL} (14)
FIR filters are given as filter polynomials(¢g—1) = ho + -
1 ~N+1 . —1 _
hg '+ 4 hyoag YT wheredegT(h(q ) =N-1, Strictly speaking, (12) performs a cyclic convolution between
or as filter vectors.l_z = (ho,...;hy-1)". The two forms are p, ang.[x] in the time domain. But ak is zero padded, at least
related as follows: L output samples belonging to the corresponding linear convo-
hig™t) = nTq ) lution betweern: andz[k] can be obtained from every bloék
— Theoutput projection matri>Pg in (13) is used to extract those
N denotes the number of filter coefficients and L output samples. The FFT sizéthereby has to fulfill [5]
g:(l’q—l’“.’q—N-i—l)T (2 C>L+N-1. (15)

is a vector containing increasing powers of the delay operator ) o
¢t and has the appropriate dimension. In the following, (#j€re.C = N + L has been used in the derivation of the algo-

is used in both directions meaning that if a filter is given by Hthm for simplicity.

filter polynomial 2(¢~!), the corresponding filter vectdr is

also uniquely defined by (1) and (2), and vice versa. Using (B) Frequency-Domain Adaptation

and (2), the filter operation in the time domain is defined as | the case wheré(q~1) is an adaptive filter, the update of
h[k] can be carried out in the frequency domain as well by using

_ —1

y(t) = h(Tq )=(t) 3) a frequency-domain LM@$DLMS) [18]-[22]. To do so, the
=h"ga(t (4) adaptation error is constructed in the time domain
= 1T (x(t), ..., x(t = N+ 1) 5)

_ _ _ T
If h(q~!) is adaptive, then the filter can be updated with a time- efk] = gd[k] ylkl = (e(kL), .. e(kL+ L =1))" (16)

domain LMS algorithm with y [k] being the vector containing the desired output sam-

h(t +1) = h(t) + poe(t)(z(t), ..., 2t — N+1)T () Ples in blockk. The error signal is then transformed into the
B - frequency domain, where it is used in the update equation of the

whereyy(¢) is the desired output signal.
EK]=F@0" k)T 17
Il. FREQUENCY-DOMAIN FILTERING AND ADAPTATION Hk+1] = Py (H[K + [k © X [k] @ E[k]) (18)
41 giae:4 H A L
A. Frequency-Domain Filterin N
a Y _ _ g_ _ _ Py=F I CO_N F L (19)
In some acoustical applications, FIR filters are used with 0 0

many hundreds or even thousands of filter coefficients. In those . o ) .

cases the filtering as well as the adaptation are carried out in fA@re, thefilter projection matrixP is used to guarantee that
frequency domain using a block algorithm with overlap-save 8t~ + 1] remains padded with zeros after every adaptation step
overlap-add techniques for reasons of computational efficienigythe time domain as in (8). If the premultiplication wikhyr

[5]. For a block implementation of the filter operation in (3)iS omitted in (18), the algorithm is known as thrconstrained

the following vectors in the time domain are defined for thEDLMS (UFDLMS) [23].

overlap-savemethod: The step size of the adaptation can be adjusted in every fre-
quency bin withy [k]. Usually, a bin-wise step-size normaliza-
h=(ho,....,hn_1,0,...,0)F (8) tionis used to speed up the convergence rate [23]
zlk] = (x(kL+L—-C),....s(kL+L—-1)Y (9)
ylk] = kL), ... ,y(kL+ L — 1))T" (10) #lK] = 1o - P ] (20)
Pylk] = E{X"[k] © X[k]} (21)

The vectorh is padded with zeros to have length Next, the N » :
input vectorz[k] and the filter coefficient vectoh are trans- ZAPy[k— 1]+ (1 - NX"[F]o X[k (22)

formed into the frequency domain, i.e., _ o o _
whereP . [k] is a vector containing the bin-wise power estima-

X[k] = Fzlk] (11) tion of X[k] and\ is a forgetting factor.
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Fig. 1. Partitioning of the filter. (a) No partitionind® = 1, S = 6. (b) With
partitioning: P = 3, S = 2.

I1l. PARTITIONED FREQUENCY-DOMAIN FILTERING AND
ADAPTATION

A. Partitioned Frequency-Domain Filtering

Instead of increasing the overlap between two succeeding
input vectorsz[k] and z[k + 1] of the block algorithm, filter
partitioning can be applied to reduce the processing delay. To

do so, the number of filter coefficients Afmust be a product
N =PSL (23)

of three positive integers, wheréis the number ofilter parti-

tions S is the number ofilter segmentper filter partition, and
L is theblock lengthof the algorithm. Finding a suitable set o
N, P, S, L, andC is a system design task, and an example

given in Section V.

Usually, NV and L are specified only roughly and may have t
be adjusted slightly to find a sensible choicefofand S, such
that (23) is fulfilled. Often, the FFT siz€ is chosen as a power
of two, and is sometimes given by hardware restrictions. The
sampling periodl; and the maximum tolerable system dela
Tmax SPeCify an upper bound on the block lendthgiven by
7 = 2LT; < mmax. Here, the assumption is made that the ti
of a whole block is needed for the computation of the filterin
and adaptation. As[k] has to be available at the beginning o

the blockk, andy[k] is not available until the end of blodk a
second block is required to collect the input samplesg[i] in
(9), and to simultaneously give out the output sampleg[bf

in (10). Note, the total group delay of the system consists of t
sum of the latency time of the system and the group delay of
the filter ,(¢~!). Methods to avoid the latency time through the

system were described in [24], [25].
Next, the filterh(¢—1) is subdivided intaP filter partitions,
each of lengthv,, = N/P = SL, as seenin Fig. 1

r-1
Mg =D hy(g g " (24)
p=0
deg(hy(g™)) < N/P—1= 5L -1,
pelo,....P—1} (25)

h, = (hpSL7~~~7h(p+1)SL—1707~~~70)T (26)

m

687

whereh,, has lengthiC'. Note that with (25), the filter partitioning
in (24) is uniquely defined. If (24) is used in (3) and the delay
operatorg—! is applied tor(t), then

r—1

y(t) = > hp(g g P a(t) 27)
p=0
r—1
= > hyla™H)a(t — pSL) (28)
.
=D up(t). (29)
p=0

Equation (28) can be formulated as a block algorithm and trans-
formed into the frequency domain in a way similar to that de-
scribed in Section Il. For the case where

H,[K] = Fh,[k] (30)
is adaptive, (12) becomes
r—-1
Y[k =YY, [K (31)
-
=" H, [k o X[k -ps). (32)

0

3
Il

From (28) to (32), we used the equivalencez{f] 2 z(kL)

fand as a consequenef: — pS| = z(kL — pSL). The need for

the filter-partition lengthV,, = SL to be a multiplicative of the
Block lengthL is now seen. The vectdf [k —pS] = Fz[k—pS]
has already been computed blocks earlier. Therefore, only

he latest input vectak [k] needs to be computed at block index

k, while the remaining”— 1 input vectorsX [k — pS] in (32) are
Iready available from previous blocks /¥, cannot be written
assL, theterms:(kL—pN,) willappear in (32) for an arbitrary
>f\fz,,, whose FFT has not been computed previously.
Since the summation in (29) is now carried out in (31) in
t%e frequency domain, only one inverse fast Fourier transform
EFFT) is required to obtain the output vectgk| of the actual
lock &, by using (13). This is similar as without filter parti-
tioning. The constraint on the minimum required FFT size now
depends on the length of the filter partitid¥), and not on the
heength of the filterv
C>L+N,-1=L+SL-1=L+N/P—-1. (33)
The minimum FFT size&” required is now much smaller than
that given by (15), where no filter partitioning is applied, es-
pecially in the case of a small block siZeand a large filter
lengthV. An interesting property of partitioned filters is that the
FFT sizeC can be chosen even smaller than the lergtbf the
filter k. This is not possible for the conventional overlap-save or
overlap-add algorithms, indicated by (15). This makes filter par-
titioning a powerful tool in the case wheé€&is given or upper
bounded, e.g., by hardware restrictions. The whole partitioned
filter algorithm is now defined by (9)—(11), (13), (14), (26), (30),
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(32),and (33), wheré' = L+ SL = L+ N/P is used for sim- *(t) hg) yt)
plicity. Fig. 2 graphically shows the derivation of the algorithm.
Note that choosing” = 1 results in the frequency-domain ()

filter algorithm described in Section Il, add = N corresponds

to filtering in the time domain (5). This makd$a tradeoff pa- z(kL) y (kL)
rameter, dividing the computation of the filtering and adaptation holg™) —
between the time and frequency domain. Thus, filter partitioning
can be seen as a natural extension to filtering in the frequency i
domain. In the case wher@nuniform filter partitioningis ap-
plied [26], (23) changes to

z(kL - SIL) hi(g™) B

—SL

r-1
N=3"SL (34)
p=0

whereS,, is the number of filter segments of partitipn

z(kL —25L) halg™) Y, (kL) P y(kL)

B. Partitioned Frequency-Domain Adaptation
b
If the filter h(¢~!) is adaptive, the corresponding update )
equations for the filter partitions in the frequency domain
are obtained by using thegartitioned frequency-domain LMS

(PFDLMS) z[k] X[K] l Yyl y,l¥]

ELE)
©
m ]

H[k+1] =Py (H,[k]+ p [K]
© X'[k - pS] © E[k]) (35) ’ 14

ISL 0 .
Pﬂp =F 0 OC—SL . (36) 2k — S]

EEE]
|"4'TJ’1'J>—‘|

The FFT size” used in (36) for the filter projection matrRﬂp g5t o
is now also much smaller than thatBfy in (19), i.e., without )
filter partitioning. However, more FFT and IFFT operations are
required for the adaptation if filter partitioning is applied. Thisis
because for every blodk each filter partition is transformed in

(35) with P into the time domain and back into the frequency ©
domain, in order to zero pad the last— SL elements ohp.
A possible reduction in the number of these operations is 4

omit the filter projection operations in certain blockswhile z[k] | F X[k] l Y olk]
accepting the fact that wrap-around effects of the overlap-se F ®
algorithm may slightly disturb the output signals. However, fc m
small step sizes, the last elementshgf which should ideally -SL
be zero, cannot deviate much from zero if the filter projectic
is left out in an update step. Taking this into account, the filte X[k - S) l Y, [K]
projection operations can be organized in an alternating man ©

such that the premultiplication witR ;; in (35) is carried out
for only one patrtitiory in block &. ThepremainingP — 1 filter ¢S5t JH
partitions are updated with (35) without the premultiplicatio r :

with Pﬂp. To this end,PﬂP is redefined as X[k —28 (l) Y,[k] Y[k] m ylk]

s

Fig. 2. Derivation of the filter partitioning procedure. (a) Filtering in the time

with 0 < p < P — 1. Now, with (37), only one FFT and IFFT domain. (b) Filter partitioning in the time domain. (c) Transforming each filter
=Pz ; ! ! partition into the frequency domain and applying overlap-save or overlap-add

are effectively required for the update (35)iternating filter techniques for the block filtering. (d) FFT's and the block delays'Z are
projectionsare applied, regardless of the number of filter partexchanged at the input, and the IFFT’s and summations are exchanged at the
tions P (see [27], [28]). output.

Note that sincdy H k] = H,[k] without alternating filter

projections, alternativelff [k + 1] = H [k] + Pu (1 [F]®  of the filter partitionsH,,, with the same computational com-

X*[k—pS]©® E[k]) could be used instead of (35) for the updatplexity. However, if alternating filter projections are used, i.e.,

ﬁ’-n’-n‘

4|

H
|

ISL 0 1
Pﬂp[k] — F |: 0 OC—SL:| F , P= <k>P
I¢, otherwise

(37) (d)
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z(t) . u(t) o y(®) frequency domain in order to have equal lengthsimilar to
—= b(¢™) alg”) @), i.e.
(@ AIFQIF(ao,...,CLNafl,O,...,O)T (42)
B =Fb="F(by,...,bn,—1,0,...,0)T. 43
5 A B =Fb=F(b No—1 ) (43)
m l l ’T‘ The convolution in (40) can be replaced by an element-wise
zlk] X[ ® Ulk] ® YK | F| k] multiplication of the filter vectors in the frequency domain

F .
M H
T H=A0B. (44)
(b)

Fig. 3. Two FIR filters in cascade. (a) Time domaih(¢~') =
a(g=)b(¢g~"). (b) Frequency domairf [k] = A[k] © B. Y[k =A® B X[k = A6 U[k (45)

ReplacingH in (12) with (44) leads to the new filter equation

Py from (37)is used, (35) has the advantage that update erregsshown in Fig. 3(b). The filtered output samples in the time

caused by omitting the zero padding/gf do not propagate by domain can be obtained with (13) and (14). Here, the constraint

more than” — 1 blocks. on the minimum FFT-size required for two frequency-domain
To speed up the convergence rate of the adaptation, fliters in cascade is derived when (41) is used in (15)

bin-wise power normalization of the step sizg can be

extended to the PFDLMS with C2L+No+Ny—2 (46)

1 [K] = p [k — pS] (38) which is exactly the same as in (15). Obviously, combinihg
I =0 and B to a single filter4 with (44), and then using (12), is

wherey [k] is taken from (20) and (21), or if a different stegnore efficient than applying (45) to every blokkHowever, in

sizeyu,, for the update of every filter partition is chosen fthe case Wher_e, e.gi[k] is adaptive, indicated by the temporal
index[k], (45) is calculated for every blodkasH [k] = A[k]®
Ep[k] = 1y 'Bg_l))[k‘ —pS] (39) B The update equations fet[k] are (16), (17), and

where P[] is defined in (21). Using (38) has the advantage Ak +1] = PA_(Ar[k] + okl © UT[K] © E[k])  (47)
thatin (35) the termp [k —pS]@ X [k—pS] have already*been P,—F [IAG 091\’ } F-t (48)
computed fop = 1,..., P—1and therefore only, [k]©X"[k] = 0 0"«

needs be computed in bloék . L
P To speed up the convergence rate of the adaptation, the bin-wise

IV, CONNECTING FILTERS normalization of the step siz& now depends on the estimated
) power of J and not ofX

A. Cascade of Two Filters

-1
First, the case where two or more filters are connected in cas- Fo [k] = 1o - Bg ) [£] (49)
cade is considered. A simple example is shown in Fig. 3where, Py [k] = E{U"[k] © U[k]} (50)
for some reason, two filters are separately connected in cascade. APyl — 1+ (1 - MUK o UK. (51)
The concatenation of two filters in the time domain corresponds -
to a multiplication of their filter polynomials, i.e., Obviously, the order in which the filterd and B are arranged
can be interchanged for the filtering. However, the adaptation of
(g™ = alg™Hb(g™) (40) A is preferable, because the intermediate sid@f{al, which is

. . used in (51) for the step-size normalization, is already available
wheredelg(h(q— )) = N — 1, deg(a(¢™')) = No — 1, fromthefiltering (45). Note that the error signal is obtained from
deg(b(¢™")) = N, — 1, and the outputy(t) and not fromu(t).

N=N,+ N, -1 (41) B. cascade of Two Partitioned Filters

Obviously, both filters could be handled separately, e.g., if one The filtersa(g—*) andb(g~*) in (40) can be partitioned simi-
of the filters is short and the other long, the longer one could B1Y t (23)—(25), with different numbers of filter partitions and
transformed into the frequency domain as described in Sectf3Fer Segments per partition

II, while the shorter one would be left in the time domain. If P,—1 Py—1

both filters are long, both may be transformed into the frequengy;, 1) — ap, (¢ 1)g Pk by, (¢ L)g L
domain. Instead of computing the intermediate sigia) in the Z " Z "

Pa=0 pp=0
time domain before passing it on to the second filter, as shown b (52)
in Fig. 3(a),/[k] can be used as the input to the second filter Py—1Pp—1
as shown in Fig. 3(b). To this end, the filter vecterandb = Z Z ap, (g by, (g g~ PeSatresL  (53)

have to be padded with zeros before being transformed into the Pa=0 pp=0
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Fig. 4. SISO system with two partitioned frequency-domain filters in casddge: ) is constant and(g—!) is adaptivea(g—') andb(¢~*) are partitioned
with P, = 2 andP, = 3, respectively. The error signal used for the adaptatiod g] is derived in the time domain and then transformed into the frequency
domain. The dashed lines show how the desired output signal is generated for the example in Section VI, sigh'tidt; 1) adapts towarg—<, a simple
delay ofd time samples.

Here, the filter lengths ofi(¢—!) andb(¢ 1) are assumed to whereas the other input vectors have already been computed
be multiplicatives of the block length and can therefore be in previous blocks. Nevertheless, the summation in (56) can be
written as implemented more efficiently if (52) is transformed directly into

a block frequency-domain algorithm

Na, = Pa,Sa,L (54)
Py—1
Ny = B, S, L. (55) Ulk] = Z QP;, © X[k — pSi] (58)
Again, the choice of’,, S,, P, Sy, and L, which then deter- f;f=01
mine N, andV,, belongs to the system design. L ‘
The product of two filter partitions in (53) can now be handled Y[k = ZO 4,, ©U[k = paSal- (59)
Pam

similarly to (40). Using (53) in (3) and transforming the filtering

into a block frequency-domain algorithm, similar to the stepaith (58), the intermediate signal vectdf[k] is defined.

from (24) to (32), we obtain The filtering with (56) requiresP, P, — 1 vector additions

P—1Pp1 and 2P,P, element-wise vector multiplications, whereas
_ _ _ with (58) and (59), the filtering requires, + B, — 2 vector
YIk = Z Z Ap, © By, © X[k = paSa = poSil. (56) additions andP, + P, element-wise vector multiplications.

AsP,P,—-1> P, +PFP, —2 (C}(Pa — 1)(Pb — 1) > 0)

Itis important to note that every term in the sum of (56) consistgith equality if 2, = 1 or P, = 1 and2P,P, > P, + B,

of an element-wise multiplication of two filter partitions. This(< FP,(P, — 1) + P,(P, — 1) > 0) with equality if

reveals that in every signal path frakf{x] to Y [k] there are, ex- P, = P, = 1, (58) and (59) require fewer operations than (56)

cept for a delay, exactly two filter partitions in cascade, one froihat least one of the filters is partitioned. If, for some reason,

filter a(¢~') and one fronb(g~!). This is the same situation asmore than two filters are connected in cascade, they can be

in (45), where two filters are placed in cascade. As the lengthsgArtitioned in a straightforward manner according to the steps

the filter partitionsa,,, (¢~*) andb,, (¢~*) areN,, = S,L and from (52) to (59).

Np, = SuL, respectively, the new constraint on the minimum If a(¢~") is adaptive, then the filter partitions,_[x] can be

FFT size required to get: output samples for every blodkis updated with the PFDLMS (16), (17), and

obtained from (46), i.e.,

Pa=0 pp=0

4,, [k+1] = Pép (Apn [K]+ p, (K]
C>L+N, +N,, —2=L+S,L+S,L-2 ° Pa

=L+ N,/P,+Ny/P, —2. (57) © Uk = paSa] © E[k]) (60)

So L
This is a weaker constraint than (46), especially if eitNgror Py =F [I 0 chsa L:| F. (61)
N, (or both) is much larger than the block length

A useful property of (56) is that only one FFT operation i§ig. 4 shows the signal-flow diagram of (58) and (59) in the case
required for every block to obtain the latest input vectdf[k], whereb(q—!) is constant and(q—!) is adaptive.
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@) o u®) The filter vectors are defined according to (8), and then padded
— h{q™) . ’
with zeros so that they all have equal lengthi.e.,
i ﬁnl = (hrn,Oa R hrn,Nm—la Oa R aO)T- (67)
2u® har(g™") ) @ () h,,, is the filter vector coresponding th,,(¢~*) in (1) with
lengthNV,,,. With H,, = Fh,,, the filters are transformed into
@) the frequency domain. The filtering and summation in (62) and
(63) are then both carried out in the frequency domain
H) k| M
] m X <l> Vil Y[R = 3 Youlk] (68)
m - u,(k] "Zl
8 F el + = ( .
B | F| é > H, Ko X[k (69)
T B m=1
Hoylh) — This has the advantage that the output vector (10) can be ob-
F[ A‘l ) ' BE tained with (13) anc_j (1_4) by using only one IFFT [see Fig. 5(p)].
2y (K] v Xy[k] & Yy l#] YTk] F| A In the above derivation, we assumed that every channel filter
’ T | ? can have a different lengtN,,,, but use the same block length
— and FFT size” for the filtering in the frequency domain. Thus,
() the minimum required FFT size has to fulfill (15) for every filter
Fig. 5. FIR filters in parallel. (a) Time domain. (b) Frequency domain. length V..,
C>L+max{Ny,... Ny} -1 (70)

To speed up the convergence rate, a bin-wise step-size nor- _ .
malization Withﬁp [k] = py[k — paSa] and (49) can be used. In the case where the fl|tef&n(q_1)' are adaptive, they can be
For small step sizésjternating filter projectionsan be used to Updated by a MISO-FDLMS. As in the SISO case, the error

reduce the computational complexity of the filter update. ~ Signal is built with (16) and (17). The update equation for the
filter in channelm is

C. Filters in Parallel H,[k+1] =Py (H,[H+p, [ o X, Ko LK) 1)
We now consider the case in whid filters are connected
in parallel, see Fig. 5 (a). Byarallel, we mean that there afg  Where
different input signals:,,,(¢), each being filtered with a channel IV 0 .
filter h.,(¢~1) of length V,,, and the output of these filters is Py =F { 0 OC—Nm:| F (72)
linearly combined into a single output signAt)
is the filter projection matrix of channet. Note that the same
M adaptation error vectdt k] is used for the update of all channel
y(t) = Z (™ (£) (62) filters. Therefore, only one FFT is required here, regardless of
the number of channef&. With the help of. _ [£], the step size
M of every frequency bin in each channel can be adjusted individ-
= Z Ym () (63) ually. A convenient choice is a bin-wise power normalization
m=1 of the step sizg: for every channel with (20) and (21), e.g.,
6] = o - LYk with Py (k] = B{X, [F© X, [K]}.
For small stepﬁfes i,mm [k], the gomputational complexity can
be reduced significantly by using alternating filter projections in
deg(hm(g™) =N —1, me{l,...,M}. (64) (71). To this end, the premultiplication wilh;; in (71) is ap-
plied in block% only for one channet: in a cyclic manner. The
The filtering of all channels can be transformed into the frestherds — 1 filter vectors are updated with (71) but without the
quency domain similarly as in the single input—single outpgremultiplication withP 5 . To this endPy is redefined as
(SISO) case described in Section I1. To this end, the input signal - -
vectors

m=1

with

M 0 .
F 0 Oc_]\rm F 5 m = 1 + <I€>]\4

Py [k]= {
- ,

K = @m(FL+ L~ O), ... (kL + L —1))T  (65) ok otherwise 73
are built and then transformed into the frequency domain, i.e.h, ¢ < m < M. In doing so, only one FFT and IFFT are

effectively required for the update in (71), regardless of the
X, [k] = Fz,,[k]. (66) number of channels/.
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(k) g X [k] s Xik-s e Xk — (P - 1)8)
T
®=—H, olK] ©= ﬂl,l[k] ®=—H, P]~1[k]
777777777 1 Y[R
zy[k] Ilj Xyl*] e Xylk — 5] 5 Xulk —29]
T

©O= ﬂmo[k] ©O=— ﬂM,l[k] ©=— ﬂM,z[k]

Fig. 6. MISO system with partitioned frequency-domain filters. Here, the case is shown where all channél filters') have a different lengthv,,, and
therefore a different,., but are partitioned with the sanseand L in (23). The error signal used for the adaptatiodtbf, ,[x] is derived in the time domain and
then transformed into the frequency domain.

D. Partitioned Filters in Parallel Equation (81) is then formulated as a block algorithm and trans-
The channel filtersk,,,(¢~*) can be partitioned individually formed into t.he frequency domain similarly to the steps from
following the steps in (23), (24) and (25). Since each filter cd9) 10 (32), i.e.,

have a different lengtt¥,,,, (23) now becomes M Pt
Y[k] = Y [k 82
Nrn = PrnSrnL- (74) _[ ] rg::l pz:;) —"%P[ ] ( )
. . M P,—1
The same block lengtlh is taken here for all input channels _ Z Z H. [} 6X, [k—pSn] (83)
=m,p =m m

in order to maintain a single block rate in the whole system.

The choice of7,, and S,,, is part of the system design. The

partitioning of the filters then becomes with H,, [k] = Fh,, [k]. The summations in (81) are now
carried out in (83) in the frequency domain. Thus, the output of

m=1 p=0

P,,—1 . . .
_ 1y — the system can be obtained with (13), using one IFFT only.
1y 1 pSo L
hn(q™) = z_% fmp(47) (75) Since the same FFT siZeis used for all channels, (33) must
L = be satisfied for all filter-partition lengthd’,,
deg(hmp(§ NS N /P —1=S,L—-1=N, -1,
me {1,...,.M}, pe{0,...,P,—1} (76) C>L+4max{N,,....N,,}—1 (84)
By = psts s o (p1)s2-15 0, -+ - 0. (77) =L+ max{S1,...,5u}L -1 (85)

.. ) . ) =L+ max{N,/P,...,Ny/Pn}— 1. 86
Next, the partitioned filters,,,(¢) in (75) are used in (62) and max{ N /By m/Pu} (86)

the delay operatay— is applied taz,, (?) In this general form, each channel filter is partitioned individ-
o ually, except that it has the same block lendgtland FFT size
y(t) = Z B (0™ () (78) C. To obtain a more regular filtering in (83), the same number
= ’ of filter segmentsS’ can be chosen for the partitioning of each
M P,—1 channel filter, e.g.,5 = max{Si,...,Sy}. The number

L X " . .
Z Z B p (@™ )57 g (1) (79) of filter partitions £, of channelm is then chosen to be the
smallestinteger number, such that

m=1 p=0
M P,—-1
=3 Bmplg HDa(t —pSmL) (80) Ny £ P, S'L. (87)
m=1 p=0
M P,—1 The effective channelfilter length’,, S’ L can then become even
= Z Z Ym p(1)- (81) larger than the specified lengtN,,,. However, the efficiency

m=1 p=0 of the algorithm, in terms of vector additions and element-wise
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vector multiplications in (83) is at least as good as with different _z1(8) | bg-Y) u®
choices ofs,,, because u(t) y(®)
alg”!) ———
Ny =P,Sn,L <P S'L<P,SL. (88) a(t) us(t)
— dg™)

The left inequality holds because of (74) and (87), and the right
inequality holds because we definétj, to b.e th_e SmalleSt In- Fig. 7. Two parallel FIR filters in cascade with a third filter.
teger such that (87) holds. Th&®, < P, which indicates that

fewer or the same number of vector additions and multiplicgs4¢rix Py . Asin (37) for the SISO-PFDLMS, and (73) for

tions are required in (83) if the same number of filter segmenjs, MIS(T—E’ISLMS,aIternating filter projectiongan be applied

5" is chosen in all channels. Fig. 6 shows a realization of (83¢y¢ a150 for the MISO-PFDLMS for small step sizes. In block

where all channel filters have equal lengirand are partitioned ;. e premultiplication witlP;;  in (89) is then carried out

with (23) (N, = N, By, = P, Sy, = Sform =1... M). only for one pair ofn andp. In this casePy; is redefined,
For the case that the lengths of the channel filtésshave a .4 i, (92), shown at the bottom of the page, fog m < M

large variation, the filtering in the frequency domain can become, 4 < » < P — 1. With this technique, only one FFT and

inefficient for the channels with smaller filter lengths, becausg, o |FET are effectively required for the update of all filter par-
from (70) the largest channel filter determines the minimum "Gtions, regardless o/ and P. For simplicity, the assumption
quirg_d FFT size”. This is different when thg channel filters ar€yas made in (92) that each channel contains the same number
partitioned and have the same number of filter segméhse- ¢ ier partitions P. For the general case, where each channel

cause then the minimum required size of the FFT only depengg, has a different number of partitions, (92) becomes slightly
on S/, see (85). If some channel filters are shorter than othefspre complicated to describe.

fewer vector additions and element-wise vector multiplications 5, application of MISO filter partitioning was given in [28],
are needed in (83), because shorter filters have a smaller NUMPRE e the MISO-PEDLMS was used to adapt the channel filters
of filter partitions F,,, than longer filters. of an adaptive beamformer.

In the case where the channel filtdrs,(¢™*) are adaptive, g extension to a multiple input-multiple output (MIMO)
the corresponding filter partitions can be updated by using,githm is straightforward for filtering. It can be handled sim-
MISO-PFDLMS. The error signak k] is obtained from (16) jiariy to having several MISO systems which share the same
and (17) and is used for the updateatiffilter partitions inall 5t signals. However, care must be taken for the adaptation.
channels. Thus, alsoin the MISO case, only one FFTis req“irﬁ"papplications where a desired output signal, (¢) is given for
to transform the adaptation error vectgk] into the frequency g,ch output channel, e.g., stereophonic echo cancellation [29]:
domain, regardless of the number of input chanmglsThe 554 the adaptation can be handled as having several MISO
update equation for partitionin channetr is systems in parallel. However, in other applications, e.g., mul-

o tichannel blind deconvolution, where the desired output signal
Hnp [k +1] = Pﬂw (ﬂm’p [k] + H"%P[k] ya.m(t) is built from the output signay,, (¢) itself, cross cou-
© X7, p[k —pSn] © E[k]) (89) pling between the channel outputs must be introduced for the
5l 0 1 adaptation, to prevent a separated source signal from appearing
Pp,, =F { 0 OC—SmL} o (0) 4t more than one output.

If the same number of filter segments is chosen in all channefs, Combining Partitioned Filters in Parallel and in Cascade
e.g.,.S» = S, the filter projection matrixy from (36) can

be used in (89) for alPy ) instead of (903. The step sizesFi
of the adaptation can be adjusted W'Ebnp[k] in every fre-
quency bin in partitiop and channet:. A reasonable choice is
a channel-wise power normalization with (20), (21), and (38),

€g. 1, o[k = o P V] with Py [k] = B{X, (k] © y(t) = alg™ )M Her () + dlaHaa(1)- (99)

—m,0

X,,[k]} and

Finally, a further combination of connected filters is shown in
g. 7. Thefilters(¢—!) andd(q~*) are in parallel, followed by
a(q~") in cascade. The filtering in the time domain is described

This structure is used if two filters in parallel have common
o [Kl=p  [k—pSm] (91) roots. These are then placed intd;—1), which reduces the
p o order of b(¢~!) and d(¢!). Another situation occurs by
The number of FFT's and IFFT’s required in (89) can growombining noise cancelling and adaptive beamforming [10],
considerably for largel/ and P,,,, due to the filter projection [11], where d(¢') is a constanttarget-signal filter [30],

F Lot 0 F ' pM+m=1+(k)
Py, [k = P - r (92)
I¢, otherwise
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il |\ P Xl [Tl - SO Xlk - 26
T
(©O=— By[k] (O=—By[#] (O=— Bylk]
& 3 Uy [k] ® Ulk) ) Ulk - S
O=— Ay[¥] O=—A,[K]
z,[k] FooX,] X[k — Sd] Y[k] 11: y[k]

- T
=
&

™

p

Q
|

- T

O= Ql[k]

Us[k]

D
U

Fig. 8. Combination of three partitioned frequency-domain filte(g—!) andd(¢—") are in parallel and cascade witlfig—!), as described in (93)(q~!),
b(¢g~'), andd(¢g ') are partitioned intd®>, = 2, P, = 3, andP, = 2, respectively. All filters shown here are time variant.

TABLE |
EVALUATION OF THE COMPUTATIONAL COMPLEXITY OF THE
MISO-PFDLMSAND MISO-LMS ALGORITHM

ever, both should be a multiple of the block lendthThis is
for the same reason as described before, namely that only one
FFT operation per filter input is required for every blogk

MISO-PFDLMS X, [k] = Fz,[k] and X,[k] = Fz,[k]. The other input vec-
Eq | A | M. A M. | F tors in (95) are available from previous blocks. The constraint
(60 M the minimum FFT siz€’ required to obtairl, output
€5 (MP=T)C| MPC on the minimum siz€’ required to obtairL output sam-
13 I ples at every block becomes in this case
| L
a7n 1 C>L+ S,L+ max{S,, Sq}L — 2. (96)
39 2MC | MPC | MPC
8(2); Mgp For efficiency reasonss, and S, should be chosen to have the

MSOING same value. . -

&) TMN=1] 3N A complex network of several filters can be decomposed into
Q) 1 smaller building blocks, each containing either filters in parallel
©) | MN [MN+1 or in cascade. These smaller blocks can then be partitioned by

b(q~1) is an adaptive filter of the beamformer, amg@ ) is a
postfilter which is used for dereverberation and noise reduction.
As a(q1) andb(q 1) are usually quite long filters, they can

the methods given in this section.

V. COMPLEXITY ANALYSIS

In this section, the computational complexity of the MISO-

be implemented and combined efficiently with partitione¢pFDI.MS algorithm is compared with that of the MISO-LMS.
frequency-domain filters, as shown in Fig. 8. Transforminghe complexity of the SISO-PFDLMS is obtained fof = 1.
(93) into the partitioned frequency-domain yields

For P = 1, the PFDLMS degenerates to the FDLMS. The com-
plexity is defined here as numbers of real additighsand num-

Ulk] = U, [k] + Uy ] (94) bers of real multiplicationg\,.. In Table |, the complexity of
Lol the MISO-PFDLMS and MISO-LMS are given for the corre-
- Z Ep[k] © Xy [k —pSi] sponding equations. A multiplication of a real and a complex
p:lf ) number equals two real multiplications, e.gMM,. = 2M,..
S A. and M. denote the number of complex additions and mul-
T 2) D, [k © Xo[k — pSal. (95) tiplications, respectively, and are related by, = 24, and
p=

1M, = 2A4,.+4M.,.. Multiplications by zero, one, or minus one
Y[k] is given by (59). The intermediate sign&lk] consists (negation) are not taken into account. Subtractions are counted
of the sum the output signals of the two parallel filters in thas additions. An FFT or IFFT operation is denoted/®yhere
frequency domain and need not be transformed back into th& = Clog, CA. + (C/2)log, CM.. The complexity of the
time domain. The filter-partition length f ¢—1) andd(q '), Step-size normalization is not taken into account. Equation (91)
N, = 8L and N, = S,L, respectively, can be different; how-is used for the analysis of (89) and the fact tpat [k] is a
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TABLE I
ATTAINED COMPLEXITY REDUCTION FOR THESISO QA\sE WITH
AND WITHOUT ALTERNATING FILTER PROJECTIONS

Partitioning parameters Eq. (90) Eq. (92)
C|{L}|S|P| N P | Pm | Po | Pm
256 {50 4| 5 | 1000 || 0.58 | 0.38 | 0.25 | 0.20
128 150 | 1 |20 | 1000 || 0.87 | 0.57 | 0.19 | 0.20
128 143 1212|1032 (063 ]041]0.17 | 0.17

For everyP, S = [Nun/(PL)] is chosen. The FFT siz€

is then chosen to be the smallest power of two which satisfied
C > (54 1)L — 1. For a fair comparison, the PFDLMS is
compared with an LMS of length = N,,;y.

Fig. 9 shows graphically the partitioning parametérs$ and
N, and the obtained complexity ratigg and p,,, versus the
number of filter partitiong” for L = 50 andM = 1,4. If no al-
ternating filter projections are applied, the greatest complexity
reduction is achieved witl® = 5 filter partitions. However,
with alternating filter projectionsf” = 20 gives the greatest
reduction for the SISO cagé/ = 1) (see also Table II). For
M > 1, the complexity reduction is even larger for the case
where alternating filter projections are applied. However, in the
MISO case, each filter partition is padded with zeros only every
M - P blocks, which makes it preferable to choose a partitioning
with a small P, although there might exist a more efficient al-
gorithm with a largerP.

In a second step, an exhaustive search is performed to find
the smallest achievablg, andp,,, for the same specifications as
above, allowing alternating filter projections. Surprisingly, the
lowest values are obtained with a much smaller block length
thanL,..x, and also a smaller FFT size. With= 12, L = 43

ST » ; : : andC = 128, the computational complexity can be reduced
o A S SR S ; i to be only about 17% of the apropriate LMS (see Table II). In
this analysis we do not make use of the fact that, for real-valued
input data, all transforms are symmetric and require only about
Fig. 9. Complexity comparison of the PFDLMS and LMS. The upper threlalf of the additions and multiplications. In doing so, the com-

plotg _show the partiti9ning parameters S and N versus the numper of_filter putational complexity ofthe PEDLMS can be further reduced by
partitions P for L = 50. The lower two plots show the complexity ratips

andp,, for M = 1.4, with and without alternating filter projections. approximately a factor of two. Note, the shorter the block length
L, the harder itis to find an efficient algorithm for a given filter
. . Itawgth N.
real-valued vector. Hence, to be fair, the PFDLMS is compare

The FFT sizeC' has a strong influence on the convergence
Rghavior because of the decorrelation property of the DHT. If
iIs'chosen too small, the DFT can not decorrelate the input sig-
nals enough, leading to a degradation of the convergence rate
[1], [27]. A large C helps to obtain a fast convergence rate.
Therefore, if different possible combinationsBfS, L, andC

with an LMS and not a normalized LMS.

For the comparison, we calculate the ratios between t
number of real additions and real multiplications to obtain
output samples, i.e.,

Pa = A PFDLMS (97) achieve about the same computational complexity reduction, the
L - A,LMS preferred combination is the one with the largest FFT size
P = M,,PFDLMS. (98) Furthermore, if alternating filter projections are used, a small
- L-M,LMS P is also desirable, because then the filter projection operations

As an example, we assume that we have the following specﬁllr—e carried out more often for every filter partition.

cations, which are typical for a real-time acoustical application:
all channel filters have equal lengfi, where N > N, =
1000 and the maximal tolerable block length< Ly, = 50. In this section, we analyze the concepts of combining several
The task is now to find a suitable parameter se?of, andC  frequency-domain filters presented in this paper. To this end,
which fulfills PSL > N, andyield a smalp, andp,,. Todo we set up a simulation example with two filters in cascade, as
S0,p, andp,, were evaluated fod/ = 1,4 andP = 1,...,40. shown in Fig. 4. The constant filtétq—!) is chosen randomly

VI. SIMULATION
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anda(q—1) is adapted such as to converge toward a delayed in-
verse ofb(q~1). Thus, the overall transfer function after con-
vergence becomédgq*) = a(qg H)b(¢7t) = ¢~¢. A delay of

d time samples is introduced to allow a noncausal expansion of
1/b(g™*) for the case wher&(q—*) is nonminimum phase.

The general setup is chosen as follows: the input signal se- 0 0 20 30 4 30 & 0 8
quencez(-) is white Gaussian noise with unity power. The time- 0
invariant filterb(¢=!) is normalized such that’ |»,,|?> = 1. The
adaptive filter is initialized taz(¢g~!) = 0. The filter lengths
are N, = 80 and N, = 600. The sampling frequency; = 16
kHz,d = 200 and the block length is chosén= 20. The initial
power estimation, used for the step-size normalizationyah . ; : ; : : :
(49), was set tdP;;[0] = C - 1. No alternating filter projections 0 1000 2000 3000 vz S0 7000 8000
are used for the adaptation efg—?).

In order to analyze the behavior of the convergence depending
on the filter partitioning chosen, the filtetgg=!) andb(q~*)
are partitioned with (54) and (55) in several ways (see Table III).
The FFT size” is chosen to be the smallest power of two which
satisfies (57). For each partitioning parametefehe step size h 3 R s = 0
1o IS chosen to achieve the fastest initial decay of the learning taps
curve. The forgetting factox is used in (51) for the estimation : ' " :
of Py;[k]. By settingh = 1, we obtain a block LMS (BLMS),
whose performance is used in this analysis as a reference, see
partitioning (a). In this case no true step-size normalization is
performed, ag’ (k] = Py[0] = C - 1. : : : : :

The upper two plots in Fig. 10 show the impulse response 7% 10 2000 3000 4000 5000 6000 7000 5000
of the constant filte(¢~!) and the magnitude of the corre- freaeency (t
sponding transfer functionB(f)|. Due to the large variation Frig. 10. Impulse response and transfer function of constant fifter*) and
of |B(f)|, the intermediate signal(-) is highly correlated, and adaptive filtera(q~") after convergence. The case (d) is shown, wigge ")
therefore slows down the convergence rate of the adaptatiodscﬁubdwlded into five partitions, indicated by the dashed lines.
a(g~') with the BLMS. The lower two plots in Fig. 10 show
the impulse response and the magnitude of the transfer function 0
of the adaptive filter(¢ 1) after convergence. Since FIR filters
can generate a transfer function with deep notches much better  _ |
than with sharp peaks, the impulse response @f *) becomes
much longer than the one bf¢ ). It is clearly seen from the
impulse response af(g~1), that the filterb(¢—!) must be non-
minimum phase.

Fig. 11 shows the derived learning curves with the parti-
tioning parameter sets given in Table IIl. With the partitioning

ag™h

IA() (4B}

(b), the adaptation initially converges faster than with (a). How- —40r

ever, after a while, the algorithm gets unstable. The reason

for this behavior is twofold. The first reason is due to the -50; : s A .
power estimationP;;[k], which is used in (49) to speed up sample t 10"

the convergence. Since in (58) the tedy, © X[k — ppSe]

effectively performs a circular convolution in the time domairfig- 11. Converg(_ence behavior for the partitioning parameter sets given in
Table Ill. The learning curves are averages over 100 runs.

the vectorF—1U[k] contains elements which do not coincide

with those of a linear convolution. As a consequence, the TABLE Il
estimateﬂg[k] is disturbed also by wrap-around effects; the PARTITIONING PARAMETER SETS
larger,, is compe_lred to the FFT sizé, the larger the distur- _ PTIT T IS TE TS TR Y &
bance. Note the difference between the convergence behavior @ 20] 64 [ 1301410006
of (c) and (d). The second one lies in the update equation for ®[20] 64 [ 130 1] 4[09][0.06
A ) T*[L _ (© 201283 |10[2]2[09]0325
o [k.+ 1] In (60), the t_e e, [kl oU [k PaSa] © E[k] @20 128 [ 310 1 | 4 [09]025
effectively performs a circular convolution dhree vectors ©l 201256 654110902
or filters in the time domain. If no step-size normalization @ [20]512 [15]2]4]1][09]053
is applied, the fiIterF—lﬁp [k] is simply a scaled impulse (e 20]1024/30| 1 [4]1]09]10
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and no wrap-around effects harm the updateagf(q—1),

697

tichannel blind deconvolution, adaptive beamforming, or any

as long as (57) is fulfilled. However, depending on the awombination thereof.

tocorrelation of the signal.(-), the impulse response of the
filter F*luo[k] = g - Fflgg—l))[k], which is symmetric in
the circular sense and therefore of linear phase, can be quit<[=_1]
long. Thus, the FFT siz€' of the PFDLMS should be en-
larged because of the adaptation, depending on the extent gg]
the impulse response @f—lﬂg_l))[lﬂ]. This implies, that for

. ) U . (3]
highly correlated input signals, e.g., narrowband signals, the
FFT size should be chosen much larger thgg) + N,,. This
remark is also true for the FDLMS or the PFDLMS described 4
in Sections Il and lll, respectively. Note, the output signal
y(+) is unaffected by wrap around effects, as long as (57) isl®l
fulfilled. Increasing the FFT siz€' helps only to improve the [6]
adaptation.

The adaptation with the partitioning sets (c)—(g) is stable [7]
and achieves the same MSE in the steady state. Furthermore,
the convergence rate is considerably faster than compared witke]
(a). The influence of the FFT siz€ to the convergence rate
is clearly seen. Increasing the FFT sizehelps to speed up [g]
the convergence rate. However, once the DFT decorrelates the
input signal of the adaptive filter, enlarging the DFT siZe [10
does not achieve any further improvement on the convergence
rate. It is the decorrelation property of the DFT which helps thé1]
bin-wise step-size normalization to speed up the convergence
rate. Pre-whitening the input signal of the adaptive filter has §12]
similar effect.

[13]
VIl. SUMMARY

Filtering with long FIR-type filters is usually carried
out in the frequency domain by using overlap-save of14]
overlap-add techniques. However, in the case where only a
small block-length is tolerable in order to guarantee a shoris]
processing delay through the system, these techniques be-
come inefficient. In this case, partitioned frequency-domain
filters provide an alternative. Such filters can be efficiently[16]
implemented, and require a smaller FFT size than comparable
standard overlap-save or overlap-add techniques. The FFT si£1e7]
can be even smaller than the length of the filter, which is inter{18]
esting if the FFT size is restricted by hardware considerations.

This paper has described efficient implementations of two of; o
more filters in cascade or in parallel. Using the methods and the
terminology introduced here, the extension to the case where
several filters are arbitrarily combined in cascade and in parallélzo]
is straightforward. The efficiency of the proposed algorithm has
been verified by a computational complexity analysis, and cor-

. - - X e [21]
responding rules providing efficient filter partitioning have been
derived. Furthermore, update equations in the frequency domain
have been given for the case where the filters are adaptive. In[#?]
simulation example, the proposed algorithms have shown COMy3)
siderably faster convergence rates than a block LMS algorithm.
Moreover, the influence of the filter partitioning on the conver- 24]
gence rate has been analyzed.

The methods described have great potential in signal pro-
cessing applications which require very long FIR-type filters,[25]
but permit only a short processing delay through the system,
e.g., multichannel echo cancelling, active noise control, mul-
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