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ABSTRACT
This paper addresses the blind signal separation problem in

the presence of sensor noise for the case where the source sig-
nals are non-stationary and / or non-white. This problem can be
formulated as a joint-diagonalization problem where the objective
is to jointly diagonalize a set of correlation matrices {Rp}, us-
ing a single matrix W. We derive a Newton-type algorithm for
two joint-diagonalization cost functions, which are related to the
aforementioned blind signal separation problem. To this end, we
derive the gradient and also the Hessian of the joint diagonalization
cost function in closed form. The most general case is considered,
in which the source signals and the unknown mixing matrix are
assumed to be complex.

1. INTRODUCTION

1.1. Notation

The notation used throughout this paper is the following: Vectors
are written in lower case, matrices in upper case. Matrix and vec-
tor transpose, complex conjugation and Hermitian transpose are
denoted by (.)T , (.)∗, and (.)H , ((.)∗)T , respectively. The iden-
tity matrix is denoted by I, a vector or a matrix containing only
zeros by 0, and a vector or a matrix containing only ones by 1.
E{.} denotes the expectation operator. Vector or matrix dimen-
sions are given in superscript, e.g., IM . The Frobenius norm and
the trace of a matrix are denoted by ‖ . ‖

F
and tr (.), respectively

( ‖A‖2
F , tr(AA

H) ). With a = diag(A ) we obtain a vec-
tor whose elements are the diagonal elements of A and diag( a )
is a square diagonal matrix which contains the elements of a.
ddiag(A ) is a diagonal matrix where its diagonal elements are
the same as the diagonal elements of A and

off(A ) , A − ddiag(A ) . (1)

For a square matrix A we have ddiag(A ) , diag( diag(A ) ).
vec(W ) forms a column vector by stacking the columns of W,
and ⊗ denotes the Kronecker product [1]. Pvec is the involutary
(P−1

vec =Pvec) permutation matrix which is uniquely defined with

Pvec vec(WT )=vec(W ) . (2)

Furthermore, we define the two following M2×M2 diagonal pro-
jection matrices

Pdiag , diag( vec( IM ) ) = diag( (eT
1 , · · · , eT

M )T ) (3)

Poff , diag( vec( off(1M×M ) ) ) = I
M2

−Pdiag (4)

where em denotes the mth unit vector and I
M =ddiag

`

1
M×M

´

.

1.2. Problem definition

We define the following two problems [2]:
Problem 1: Let {Rp}

P
p=1 be a set of P given correlation ma-

trices. We aim at finding a matrix W that minimizes the following
cost function:

J1 ,

P
X

p=1

βp J
(p)
1 ,

P
X

p=1

βp

‚

‚

‚ off(WRpW
H )

‚

‚

‚

2

F
(5)

where {βp} are positive weighting factors, normalized such that

P
X

p=1

βp ‖Rp ‖
2
F = 1 . (6)

Problem 2: Let {Rp}
P
p=1 be a set of P given positive def-

inite Hermitian matrices. We aim at finding a matrix W and a
real diagonal matrix N with diagonal elements ni,i ≥ 0 such that
{W, N} minimize the following cost function

J2 ,

P
X

p=1

βp J
(p)
2 ,

P
X

p=1

βp

‚

‚

‚
off(W(Rp − N)WH )

‚

‚

‚

2

F
.

(7)

As in Problem 1, we require again that the weights {βp} are nor-
malized such that (6) is fulfilled.

1.3. Comments

Perfect joint diagonalization is normally not possible for an ar-
bitrary set of correlation matrices {Rp}. However, if {Rp} =
{AΛΛΛpA

H} with {ΛΛΛp} being diagonal matrices, full diagonaliza-
tion is possible and, therefore, the cost function (5) is zero at its
global minimum. For Problem 2, perfect joint diagonalization is
possible, when {Rp}={AΛΛΛpA

H +D} and D is a positive semi-
definite diagonal matrix.

The purpose of choosing the normalization in (6) is to make
the cost functions (5) and (7) independent of the absolute norms
{‖Rp ‖F

} [2]. Even though Newton-type algorithms are insensi-
tive to scaling of the cost function, we employ this normalization,
because in the initial stage of the algorithm we might use a few
gradient-based iterations.

Note, since W = 0 minimizes (5) and (7), we require also
some additional properties of W to prevent the trivial solution.
Possible constraints are that W should be unitary, or the diago-
nal elements of W are constraint to be one. The associated cost



functions of these two constraints are

J3 ,

‚

‚

‚
WW

H − I

‚

‚

‚

2

F
(8)

J4 , ‖ ddiag(W − I ) ‖2
F

(9)

which can be used either as a hard constraint or as a penalty term
[3] in the optimization of (5) or (7). Other possible choices of
penalty terms are listed in [4].

In Table 3 the gradient DW and Hessian {HW,CW} of the
cost functions J1 to J4 are summarized. Due to space limitation,
we can not present all derivations. However, one example is given
in Appendix A which shows the principal steps, and in Appendix B
we summarize all relations which were helpful for the derivation.

2. SECOND-ORDER APPROXIMATION

In this paper we follow the notation of Manton in [5] and express
the second-order Taylor series approximation of a cost function
J : C

M×M → R in the matrix form

J (W + δZ) = J (W) + δ Re{tr
“

Z
H
DW

”

}

+
δ2

2
vec(Z )H

HW vec(Z )

+
δ2

2
Re{vec(Z )T

CW vec(Z )} + O(δ3) (10)

where DW ∈ C
M×M is the derivative of J evaluated at W, and

HW,CW ∈ C
M2×M2

are the Hessian of J evaluated at W. To
ensure uniqueness, we require H

H
W =HW and C

T
W =CW.

As pointed out in [5], the matrix form (10) is an alternative
way of formulating the second-order Taylor series approximation
in vector form with real-valued elements, i.e., J : R

2M2

→ R in
the form

J (w + δz) = J (w) + δ z
T
dw +

δ2

2
z

T
Hwz + O(δ3) (11)

where w ∈ R
2M2

, dw ∈ R
2M2

is the derivative of J evalu-
ated at w, and Hw ∈ R

2M2×2M2

is the Hessian of J , eval-
uated at w, if Hw is symmetric, i.e., Hw = H

T
w. A possible

transformation between (10) and (11) is given in Appendix C for
w , (wT

re w
T
im)T ∈ R

2M2

where wre , Re{vec(W )} and
wim , Im{vec(W )}.

3. JOINT DIAGONALIZATION BY USING NEWTON
METHODS

For an unconstraint optimization problem formulated in the vector
form (11), the Newton step ∆wk at iteration k is obtained from
solving the equation Hwk∆wk = −dwk . Hence, the Newton
update is wk+1 =wk + ∆wk =wk −H

−1
w k dwk. Problems arise

when Hwk is not positive definite because −H
−1
w k dwk no longer

is guaranteed to be a descent direction. By adding a multiple of the
identity matrix to Hwk, we can always make Hwk +σkI positive
definite by choosing σk > −λmin(Hwk). Thus, the modified
Newton update becomes [6]

wk+1 = wk − [Hwk + σkI]
−1

dwk . (20)

Properties of (20) are that in the initial stage its behavior is simi-
lar to a steepest-descent algorithm. However, once Hwk becomes

Table 1. Newton algorithm for the joint-diagonalization task with
a unitary matrix.

Newton-JD

Initialization (k=0):

W0 = I (or any other unitary matrix) (12)

For k=1, 2, . . .

DWk = DW(Wk) (13)

HWk = HW(Wk) (14)

CWk = CW(Wk) (15)

{HWk,CWk}
(68)
−→ Hwk (16)

σk ≥ max(0,−λmin(Hwk)) (17)

∆Wk = cpoint(Wk,DWk,HWk + σkI, CWk) (18)

Wk+1 = π(Wk + ∆Wk) . (19)

positive definite, we can set σk to zero and hence the algorithm
switches to the pure Newton algorithm with a quadratic conver-
gence rate. We choose the update (20) as the basis for our Newton
algorithm for the joint-diagonalization task.

In principle, there are two possible update strategies: either
update the matrix Wk+1 directly or update first the vector wk+1

(e.g., with (20)) and then use (69) to obtain Wk+1. Each form can
be transformed into the other form as described in Appendix C.
Recently, Manton presented in [5] the cpoint routine, which can
be used for computing the Newton step on the complex Stiefel man-
ifold (manifold of unitary matrices). We will use the cpoint rou-
tine for directly updating a unitary matrix Wk+1.

In Table 1 we summarize the proposed Newton algorithm for
the joint-diagonalization task using J = J1 from (5) as our objec-
tive function. We restrict ourselves to the case where we constrain
W to be unitary.

In (12) we initialize W0. The gradient of the kth iteration
is computed in (13). Since J =

P

βpJ
(p)
1 with the elementary

cost functions J
(p)
1 , the overall gradient of J becomes DW =

P

βpDW

(p)
1 where DW

(p)
1 is the gradient of J (p)

1 . The gradi-
ents DW

(p)
1 are obtained from Table 3 with DW1(R=Rp). The

Hessian of the kth iteration are computed in (14) and (15). Here
we can also write HW =

P

βpHW

(p)
1 and CW =

P

βpCW

(p)
1 .

Thereafter, in (16) the Hessian {HWk, CWk} of the matrix form
is transformed with (68) into the equivalent Hessian Hwk of the
vector form. The smallest eigenvalue λmin of Hwk is used in
(17) to determine σk such that Hwk +σkI becomes positive semi-
definite. It is easy to show, that this regularization is equal to the
regularization HWk + σkI used in (18) as

{HWk + σkI, CWk}
(68)
−→ Hwk + σkI . (21)

In (18) the Newton step ∆Wk is computed with cpoint and used
in the update equation (19). Finally, with the projection operator
π(.), where

π(W)=π(UΣΣΣV
H) , UV

H (22)



Table 2. Steepest-descent algorithm for the joint-diagonalization
task with a unitary matrix [8, 2].

Steepest-descent JD

Initialization (k=0):

W0 = I (or any other unitary matrix) (23)

For k=1, 2, . . .

DWk = DW(Wk) (24)

∆Wk = −µ(DWk − WkDW

H
k Wk) (25)

Wk+1 = π(Wk + ∆Wk) . (26)

is the closest projection of a matrix W onto the Stiefel manifold
[5, 7], we obtain Wk+1 which is unitary again. W = UΣΣΣV

H

is the singular value decomposition (SVD) of W. The proposed
Newton algorithm also works in the case where we choose J =
J2 from (7) and assume that N is known.

4. JOINT-DIAGONALIZATION TECHNIQUES FOR
BLIND SIGNAL SEPARATION

In the blind signal separation task (BSS), joint-diagonalization
techniques were first applied in [9] for the case where the source
signals were non-Gaussian. Afterwards, in [10] it has been shown
that for the case where the source signals are non-white, the blind
signal separation problem can also be reduced to solving a joint-
diagonalization problem. The case was extended in [11, 12] for
source signals that are also non-stationary. The corresponding cost
function can be written as

J5 ,
X

τ

X

p

βp,τ

‚

‚

‚ off(W
“

Rxxp(τ ) − δ(τ )R̂nn

”

W
H )

‚

‚

‚

2

F

(27)

where {Rxx p(τ )} , {Rxx (tp, τ )} is a given set of correla-
tion matrices from different time points tp and with different time
lags τ . R̂nn is the estimate of the sensor noise correlation matrix.
It is shown in [2], that the cost function J5 can be subdivided into
the two cost functions J1 and J2.

5. SIMULATION

In the following we analyze the behavior of the proposed Newton
algorithm via numerical simulations. We generate a set of P =15
correlation matrices where {Rp} = {AΛΛΛpA

H}, A ∈ C5×5 is a
randomly chosen unitary matrix, and {ΛΛΛp} are randomly chosen
complex diagonal matrices. The real and imaginary part of the
diagonal elements of ΛΛΛp are in the range [−1, 1]. We choose βp =
1/

P

‖Rp‖
2
F which fulfills (6).

In this simulation, our objective is to find a unitary matrix W

that minimizes the cost function J1 defined in (5). We compare
two different algorithms: (a) proposed Newton-based algorithm
(Table 1) and (b) steepest-descent algorithm (Table 2). Fig. 1
shows the performance curves of ten independent runs of each
algorithm with ten different sets of correlation matrices. For the
gradient-based algorithm, the step-size µ = 0.5 was chosen to
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Fig. 1. Learning curves of J1 for ten independent simulations with
M =5 and P =15 using (a) proposed Newton algorithm (Table 1)
and (b) steepest-descent algorithm (Table 2).

achieve the highest convergence speed without becoming unsta-
ble.

We clearly see that the proposed Newton-algorithm dramati-
cally outperforms the gradient-based algorithm. The Newton algo-
rithm needs only a few steps to fully converge. A few regularized
steps with σk > 0 are usually carried out at the beginning. Once
the Newton algorithm comes to the vicinity of a minimum, Hwk

becomes positive definite and the algorithm converges within a few
iterations to a global minimum. As can be seen in Fig. 1, for a
given step size µ the slope of the learning curve for the gradient
algorithm depends on the set of correlation matrices.

6. CONCLUSIONS

We have presented a Newton algorithm for the problem of joint
(approximate) diagonalization of a given set of correlation ma-
trices with a unitary matrix. To this end, we have derived
the gradient, and also the Hessian, of the corresponding joint-
diagonalization cost function in closed form. The proposed algo-
rithm enjoys the property of self-adjusting its step size: far away
from a minimum, the algorithm behaves like gradient based algo-
rithm, and in the vicinity of a minimum it softly switches to a pure
Newton algorithm with a quadratic convergence rate.

Under the unitary constraint we can also maximize J6 ,
P

βp‖ ddiag
`

WRpW
H

´

‖2
F instead of minimizing J1, see

[13, 14]. The gradient and Hessian of J6 are easily obtained by
taking DW1, HW1, and CW1 from Table 3 and replacing off( . )
with ddiag( . ), and Poff with Pdiag.

Recently, a slightly different Newton algorithm with similar
performance was proposed by Nikpour et al. in [8]. They com-
pared their algorithm with the well known joint-diagonalization
algorithm of [13]. In [15] a Gauss-Newton algorithm was pro-
posed, which uses an approximation of the Hessian. Recently,
Newton methods were also derived and applied in blind signal sep-
aration for the convolutive mixing problem [16, 17]. Also, there
is a strong interest in finding non-unitary matrices for solving the
joint-diagonalization problem, see [18, 19].

In contrast to [8], the gradients and Hessians in Table 3 also
hold for a non-unitary matrix W, hence, they can be used as well
for Newton algorithms which update a non-unitary matrix W.



A. DERIVATION OF GRADIENT AND HESSIAN

Due to space limitations, we cannot derive all gradient and Hes-
sians given in Table 3. Since most of the derivations look similar,
we choose
J (W) , ‖ off(WRW

H) ‖2

F
(28)

= ‖WRW
H ‖2

F
− ‖ddiag(WRW

H) ‖2

F
(29)

= tr(WRW
H

WRW
H) − tr(WRW

Hddiag(WRW
H) ) (30)

as an example and assume that R=R
H . Eq. (28) is a special case

of J2 with N = 0, P = 1, and β1 = 1. We expand J (W + δZ)
and then compare terms with the Taylor series expansion (10). The
relations used for the derivation are summarized in Appendix B.

J (W + δZ) = J (W) + 4δRe{tr(ZHoff(WRW
H)WR)}

+ 2δ
2 tr(ZHoff(WRW

H)ZR + Z
Hoff(ZRW

H)WR)

+ 2δ
2
Re{tr(ZRW

Hoff(ZRW
H))} + O(δ3) . (31)

The latter three terms of (31) can be rewritten as

tr(ZHoff(WRW
H)ZR)

= vec(Z )H
`

R
T ⊗ off(WRW

H)
´

vec(Z ) (32)

tr(ZHoff(ZRW
H)WR)

= vec(Z )H vec( off(ZRW
H)WR ) (33)

= vec(Z )H
`

R
T
W

T ⊗ I
´

vec( off(ZRW
H) ) (34)

= vec(Z )H
`

R
T
W

T ⊗ I
´

Poff vec( ZRW
H ) (35)

= vec(Z )
H

`

R
T
W

T
⊗ I

´

Poff
`

W
∗

R
∗

⊗ I
´

vec( Z ) (36)

tr(ZRW
Hoff(ZRW

H))

= vec(Z )T
Pvec vec(RW

H off(ZRW
H) ) (37)

= vec(Z )T
Pvec

`

I ⊗ RW
H

´

vec( off(ZRW
H) ) (38)

= vec(Z )T
Pvec

`

I ⊗ RW
H

´

Poff vec(ZRW
H ) (39)

= vec(Z )T
Pvec

`

I ⊗ RW
H

´

Poff
`

W
∗

R
∗ ⊗ I

´

vec(Z ) (40)

= vec(Z )T
`

RW
H ⊗ I

´

PvecPoff
`

W
∗

R
∗ ⊗ I

´

vec(Z ) . (41)

After inserting (32), (36), and (41) into (31) and comparing terms
with (10) we get

DW = 4off(WRW
H)WR (42)

HW = 4
`

R
T ⊗ off(WRW

H)
´

+ 4
`

R
T
W

T ⊗ I
´

Poff
`

W
∗

R
∗ ⊗ I

´

(43)

CW = 4
`

RW
H ⊗ I

´

PvecPoff
`

W
∗

R
∗ ⊗ I

´

, (44)

which are equal to DW2, HW2, and CW2 in Table 3 for N=0.

B. USEFUL EQUALITIES FOR THE DERIVATION OF
THE GRADIENT AND HESSIAN

The following equalities were very useful for the derivation of the
gradient and Hessian. Equalities with the Frobenius norm and the
trace function are [4]

‖A ‖2
F = tr(AA

H) (45)

off(A ) = A − ddiag(A ) (46)

‖ off(A ) ‖2
F

= ‖A ‖2
F
− ‖ ddiag(A ) ‖2

F
(47)

tr (AB) = tr (BA) (48)

tr (A ddiag(B )) = tr (ddiag(A )B) (49)

= tr (ddiag(A ) ddiag(B )) (50)

tr (A off(B )) = tr (off(A )B) (51)

= tr (off(A ) off(B )) (52)

tr (off(A ) ddiag(B )) = 0 . (53)

Furthermore, we have some useful equalities with the vec( . ) op-
eration and Kronecker product [1]:

AB ⊗ CD = (A⊗ C)(B ⊗D) (54)

A ⊗ B = (A⊗ I)(I ⊗B) (55)

= (I ⊗ B)(A⊗ I) (56)

= Pvec(B ⊗ A)Pvec (57)

(A⊗ B)H = A
H ⊗ B

H (58)

vec(ADB ) = (BT ⊗ A) vec(D ) (59)

vec(AT ) = Pvec vec(A ) (60)

tr(AH
B) = vec(A )H vec(B ) (61)

tr (AB) = vec(AT )T vec(B ) (62)

= vec(A )T
Pvec vec(B ) (63)

vec( ddiag(A ) ) = Pdiag vec(A ) (64)

vec( off(A ) ) = Poff vec(A ) (65)

where Pvec, Pdiag, and Poff are defined in Section 1.1.

C. TRANSFORMATIONS BETWEEN MATRIX AND
VECTOR FORM OF SECOND-ORDER TAYLOR

APPROXIMATION

The matrix form of the second-order Taylor approximation (10)
can be transformed into the vector form (11) with

w =

„

w
re

w
im

«

,

„

Re{vec(W)}
Im{vec(W)}

«

(66)

dw =

„

d
re
w

d
im
w

«

,

„

Re{vec(DW)}
Im{vec(DW)}

«

(67)

Hw =

»

Re{HW + CW} −Im{HW + CW}
Im{HW − CW} Re{HW −CW}

–

. (68)

The vector form of the second-order Taylor approximation (11)
can be transformed into the matrix form (10) with

W = [wre + jwim]{M×M} (69)

DW = [dre
w + jdim

w ]{M×M} (70)

HW =
1

2
(Hw11 + Hw22 + j(Hw21 − Hw12)) (71)

CW =
1

2
(Hw11 − Hw22 − j(Hw21 + Hw12)) . (72)

Here we used W
M×M =[w]{M×M} to denote the inverse opera-

tion of w=vec(WM×M ). Furthermore, Hw , [Hwmn].
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