Independent Component Analysis and Blind Signal Separation ICA 2000, June 19-22, 2000, Helsinki, Finland, pp. 81-86

OVERDETERMINED BLIND SOURCE SEPARATION:
USING MORE SENSORS THAN SOURCE SIGNALSIN A NOISY MIXTURE

Marcel Joho!, Heinz Mathis', and Russell H. Lambert?

!Signal and Information Processing Laboratory,
Swiss Federal Institute of Technology Zurich, Switzerland
2Pivotal Technologies, 70 S. Lake Ave., Suite 900, Pasadena, CA 91101, USA
joho@isi.ee.ethz.ch, mathis@isi.ee.ethz.ch, russ@pivotaltech.com

ABSTRACT

This paper addresses the blind source separation problem for the
case where more sensors than source signals are available. A
noisy-sensor model is assumed. The proposed algorithm com-
prises two stages, where the first stage consists of a principal com-
ponent analysis (PCA) and the second one of an independent com-
ponent analysis (ICA). The purpose of the PCA stage is to increase
the input SNR of the succeeding ICA stage and to reduce the sen-
sor dimensionality. The ICA stage is used to separate the remain- mixing process separation process
ing mixture into its independent components. A simulation exam-
ple demonstrates the performance of the algorithm proposed.

Figure 1. Blind source separation setup (Ms= M =4).

1. INTRODUCTION 12 Notation
1.1. Problem description The notation used throughout this paper is the following: Vectors

Blind source separation (BSS) is a problem posed by many a "_are written in lower case, matrices in upper case. Matrix and vec-
tions relat d? '[(I 2 mFr)n i tipn U y I t% E%Stor transpose, complex conjugation and Hermitian transpose are
cations related to acoustics or communications. Usually the denoted by ()7, (.)*, and (1) = ((.)*)7, respectively. The sam-

problem is analyzed for the case where there are just as many se Sle index is denoted by . The identity matrix is denoted by T
sors as source signals. Furthermore, ideal sensors are usually aé-vector or a matrix contéining only zeros by 0. E{.} denotes’

sumed, which have no additive sensor noise. Only little work has the expectation operator. Vector or matrix dimensions are given in

been done on the analysis of algorithms in the case of noisy sen-, : ; o
sors [1, 2, 3, 4]. Usually one hopes that the sensor noise is lowsuperscrlpt. The Frobenius norm of amatrix is denoted by |[.[| .

enough so as not to influence the performance of the BSS algo-
rithm considerably. This paper concentrates on the case where a2 OVERDETERMINED BLIND SOURCE SEPARATION

low SNR is present at the sensors, and shows that one possible .
way to enhance the performance of the separation is to use more?-1- Problem description

sensors than source signals. The mixing process is described as
This situation is referred to as tbeerdetermined blind source
separation problem and sometimes also as the undercomplete x¢ = As; +n¢ 1)

bases problem. Itis overdetermined in the sense that if the sources T .
are of interest, more observations than necessary for the reconWneres: = (s, ..., sas), containsthe samqp?lesof the unknown
struction of the original signals are available. However, if refer- source signasat timet, x; = (z1,...,zum), thesamplesof the
ring to the Linear Algebra system of finding the separation matrix ¥ sensor signals at sample time ¢, n, the samples of the sensor
given the mixing matrix, the term underdetermined is used, since Noiseat timet, and A™**s = [a; - .- a]" isthe unknown mix-
we have more unknowns than equations. ing matrix. In the overdetermined case we have more sensors than
We divide the task at hand into two stages. Starting with ~ Sourcesignals (M > Ms). _ _

input sensors, the first stage performs a singular-value decomposi- ~ Solving the b““dMSOU][fe separation problem means to find a
tion producing)Ms virtual sensors {/s < M), which still contain ~ Separation matrix W' such that the output of the separation
a noisy mixture of the source signals, but with a higher SNR than Process

the true sensors. The remainifg — M virtual sensors contain a w = Wx; = W (As; + ny) = Ps; + Wny ©
mixture of the sensor noises and are discarded in the second stage.

The second stage consists of an ordinary blind source separatiometrieves waveform-preserving estimates of the unknown source
algorithm for theMs x Ms problem. signals by using only the time series of the sensor signals x; for
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Figure 2: Overdetermined blind source separation setup using the proposed two-stage algorithm (Ms = 2, M = 5).

t=1,2,....
system.

P denotes the total transfer matrix of the global

2.2. Assumptions

In addition to the problem proposed above, we make the following
assumptions:

Al Time-invariant mixing matrix A.

A2 A hasfull rank Ms.

A3 Sourcesignals sy, m =1,... , Ms, are mutually
independent and iid.

A4 All source signals s, but possibly one are non-Gaussian.

A5 All source signals are unknown and have the same
power o2,

A6 There are more sensors than source signals (M > Ms).

AT All sensors have the same noise characteristics.
The sensor noise is additive white Gaussian noise with
power 2. The sensor noise of the sensors is mutually
independent.

A8  The source signals and the sensor noise are mutually
independent.

As aconsequence, A3 and A5 imply
Res 2 F {stsf’ } " €)
and A7 implies

Run 2 B {nmf'} = o L. Q)

3. PROPOSED ALGORITHM

The proposed algorithm has two stages. Thefirst stage isbased on
aprincipal component analysis (PCA) algorithm where we project
the M sensor signals onto an Ms-dimensional signal-plus-noise
subspace and an M — M dimensional noise subspace. The sec-
ond stage performs an independent component analysis (ICA) of
the signal-plus-noise space to obtain the estimates of the source
signals.

3.1. First stage: Principal Component Analysis (PCA)

First we want to decorrelate the sensor signals. Decorrelation is a
necessary but not a sufficient condition for independence. To this
end we transform the sensor signals by a unitary transformation
matrix Wy

Vi = det (5)
such that Ry = E {v¢vi’ } becomes adiagona matrix.

By applying the SVD (singular-value decomposition) on A,
we have

A:UEVH:U[E]VH (6)
0

UMXM

where and VMsXMs gre unitary matrices, and £ *Ms
sX

and =" aredi agonal matriceswhich contain the singular val-
ueso., (A) of A

f):diag(al,... , O Ms) (7)
with
012022 >0pm >0 (8)

where the last inequality comes from the assumption .42.
The SVD of the input correlation matrix Rxx gives with (3)
and (4)

Rxx é E {thf} (9)
= AR« A7 + Ran (10)
=cZAAT 4 621y (11)
=s2USVIVETUY 4621y (12)
=s2us2T U + 621y (13)
=2UT U +2uu” (14)
-U (03 S +ol IM) u (15)
=ux Uu”? (16)



with
=M xM

2 :diag(Ul,...,O'MS,O,...,O) (1n

2 . 2 2 2 2
Yix = diag (O'XI,... » X1 OXgg 1 ,O'XM) (18)

2 2 2 2 2
yOMOs +0ny0Onye-. ,an) .

(19

The first term of (15) contains the contribution of the source sig-
nals, while the second one contains the contribution of the sensor
noise. By choosing

WM
Wa = (M —Mg)x M
We 7

. 2 2 2
= diag (0105 + o, . . .

} =u?=u"! (20)

we obtain with (5) and (15) the correlation matrix

va é E {Vtvf{} (21)
= Wy Rox W (22
=S ol =2, . (23)

Therefore R becomes adiagonal matrix containing the singular
values of Rxx in descending order with afl > 2> anS >
a'stH =..- =0y, = os. SinceRy, isadiagonal matrix, the
signals in v are mutually uncorrelated, but not necessarily inde-
pendent. Furthermore, the signalsin v are ordered by their powers
and since Wy is a unitary matrix, the first A5 elements of v con-
tain all the signal power of the source signals received at the sen-
SOrS ., m = 1,... , M, and the remaining M — Ms elements
of v contain only a mixture of the sensor noise. Assuming the
knowledge of the number of source signals Ms, we can partition
the vector v into its Ms principal and M — Ms minor components

VsMs -
v = . 24
M= Ms

By doing so, we can now use vs for the second stage and discard
vn, as the elements of v, do not contain any components of the
source signals. We only use the principal components for further
processing. This procedure corresponds to a principal component
analysis (PCA). Note that there are as many principal components
as unknown source signals. Furthermore, the principa compo-
nents are mutually uncorrelated. We therefore use

vs = Wy x (25)

to generate M; virtual sensors from the M true sensors.

3.2. Second stage: Independent Component Analysis (ICA)

In the second stage we use an ICA algorithm to find a separation
matrix Ws such that

ur = Wst Vs¢ (26)

isan estimate of s; up to scaling and permutation of the elements.
Perfect separation occursif the output signals of u are mutually in-
dependent. Thejoint density of u isthen aproduct of the marginal
densities of w,, [5]

Ms

Pu(u) = H Pum (Um) (27)

m=1

because independence of the source signals is assumed by A3,
i ps(s) = H%il Py (Sm).

By using a PCA stage we have reduced the overdetermined
M x MsBSS problem to an Ms x Ms BSS problem with additive
sensor noise. We can now use any known BSS agorithm for the
regular (Ms x Ms) case, e.q., the natural gradient learning algo-
rithm proposed in [6]

Wa,yy = Ws, + s [Tar, — yeul’ | W, (28)
the EASI algorithm proposed in [7]
We,, = Ws, + 41 [IMS —wul +wyl — ytuf{] W, (29)
the Infomax agorithm [8]
Wo,, = W, + 0 [Wo ™ = yowl!] (30)

or a blind stochastic gradient algorithm, e.g., multichannel blind
LMS (MBLMS) [9],

We, = We, +p (e — yi) v (31)

wherey; = g(u.) and g (.) is a nonlinear function known as
the Bussgang nonlinearity or the score function, which depends
on the pdf of the source signals [10, 11]. Alternatively, a batch
algorithm can be used for the separation, see [12] for instance,
which explicitly uses higher-order cummulants.

3.3. Combining both stages

Both stages are now combined as shown in Fig. 2. With (25) and
(26) we obtain

WM — W, W (32)

Thefirst stage, i.e. Wq1, can be seen asa preprocessing step, which
decorrelates the sensor signals and reduces the input dimension.
From A1 and A5 we know that Rxx istime invariant, and there-
fore Wy does not have to be adapted. However, Ws is computed
by an iterative learning algorithm. With (2) we obtain the total
transfer matrix of the global system

P, = Wy, Wa A (33)

which should become closeto ascaled permutation matrix to attain
agood signal separation. Of course P is available in asimulation
environment only, asthe mixing matrix A isunknown by assump-
tion.

3.4. Minimum-norm solution

In the noiseless case, the underdetermined system equation P =
WA =1, isfulfilled by an infinite number of possible separation

matrices W, e.g., all matrices of theform W = V[ X ' £Ju”,
where £ is an arbitrary Ms x (M — Ms) matrix. An additional
constraint is necessary to make the separation matrix unique. One
possihility is to constrain W to have the minimal possible Frobe-
nius norm. Such a solution is referred to as the minimum-norm
(MN) solution [13]. Because of the unitary invariance property

of the Frobenius norm [14] we have ||W |3 = || [f)_1 ElF =



||f)_1||fm + ||E||%. Thus, ||W||¢ is minimal with £ = 0, and the
minimum-norm solution becomes

~—1

[Z o]Uu” = A* (39
E_IWdl (395)

WMN:V
\%

where A# denotes the Moore-Penrose pseudoinverse of A, see
also [15]. Since Wy is contained in WMV, see (35), the proposed
PCA preprocessing stage is part of the minimum-norm solution.
Furthermore, from (32) we can define

W' v (36)
3.5. Minimum mean-squared error solution

Using the mean-squared error (M SE) as the cost function, we can
write down the cost to minimize as

Juse = E {|lse — |3} . 37

Using (2) and setting the cost derivative with respect to the sepa-
ration matrix W to zero, we arrive after some simplifications at

at]MSE
A%

=F {(—SSHAH + WAss" A" + WnnH)} =0.
(398)

Solving Eq. (38) for the separation matrix W' yields the minimum
mean-squared error (MMSE) solution

W'™E = R AT (AR A" + Ran) ™" (39)

Inserting Rss and Rnn from (3) and (4), respectively, (39) can
then be written as

2
W'E — AT(AAT + 201yt (40)

gs
By inserting (6) into (40) and after alonger calculation, we obtain

-1

WWE = VE Wy (42)
where
= of + Z—E U}‘T/[s + j—i
¥ = diag =, = . (42
o1 O Mg

We now recognize, that if o, goes toward zero, ) converges to-
ward 2, and therefore W' approaches W"N. Since Wy, is
also contained in W"ME, we can clearly see that the proposed
PCA preprocessing stage is part of the MMSE solution WMMSE,
Furthermore, from (32) we can define

-1

WMME —vE | (43)

3.6. Estimation of the number of sources

Until now we have assumed that we know the number of unknown
source signals Ms which areinvolved in the mixing process. How-
ever, often Ms isunknown and therefore has to be estimated. Since
the input correlation matrix Rxx or R have Ms dominant sin-
gular valuesand M — Ms minor singular values which haveall the
samevalue o2, seealso (19), the number of source signalsinvolved
in the mixing process can be evaluated by choosing a threshold
just above o2. Moreover, if the number of active source signals
M changes, it will be visible also from analyzing the distribution
of the singular values. Alternatively, an information-theoretic cri-
terion can be used to estimate the number of source signals[16].

4. SIMULATION

In the following, we give a simulation example to analyze the be-
havior of the algorithm proposed.

4.1. Performance measurement

In order to describe the performance of the algorithm proposed, we
use the signal-to-noise ratio (SNR), the signal-to-interference ra-
tio (SIR), the signal-to-interference-plus-noise ratio (SINR), and
the convergence rate as the criteria. We define the following per-
formance measurements:

SNR(z,,)  SNRof input sensor signa x,,
SNR (x) total input SNR,
SNR (v)  SNRof virtua sensor signal v,
SNR (vs) total SNR of virtual sensors vs,
SNR (u)  SNRof output signa w,,
SNR (u total output SNR,
SIR (um) SIR of output signal wm,
SIR (u) total output SIR,
SINR (um)  SINR of output signal .,
SINR (u) total output SINR.

4.2. Simulation

In the simulation we have Ms = 5 source signals, each being
a 4-QAM signal. We compare the behavior of the proposed al-
gorithm with M =5, 10, and 20 sensors. The complex mixing
matrices are set up as A°*% = A, A% = [AT AT]", and
A5 — [AT AT AT AT]", whereeach A%*%, n=1,... 4,
is arandom complex submatrix with |A, |2 =01 (A,) =1, con-
dition number x(A,) = o1 (An) /on, (An) = 10 and logerith-
mically distributed singular values. The respective condition num-
bers are x(A®*®) = 10, x(A'°%5) = 3.3, and x(A%°*5) = 2.3.
For the update of W5 we use a block algorithm with (28), block
length . = 100, step size . = 0.15, and the Bussgang nonlinear-
ity g (1) @ gm (wm) = i |tm .

The simulation is set up with ¢2/02 = 15 dB. Fig. 3 (top)
shows SNR (z.,, ), the resulting SNR’s at the true sensors. Fig. 3
(middle) shows SNR (v,,, ), the SNR’s at the virtual sensors after
the PCA stage. Fig. 3 (bottom) shows SNR (., ), the SNR’s of the
output signals after convergence, i.e. W = W . The constellation
diagram of w,,, after convergence isgiven in Fig. 5. The learning
curves of SINR(u), SIR(u) and SNR (u) are shown in Fig. 4.
Theinput SNR, output SNR, SIR, and SINR after convergence are
given in Table 1 together with the values for the minimum-norm



Table 1: SNR'swith Ms=>5 source signalsand o2 /o2 = 15 dB

System PCA ICA: W, Minimum norm: W™ MMSE: W'V
M | SNR(x) |[ SNR(w) || SNR(u) | SIR(u) | SINR(u) || SNR(u) | SIR(u) | SINR(u) || SNR(u) | SIR(u) | SINR (1)
5 9.5dB 9.5dB 32dB | 11.9dB 2.6dB 0.3dB 9 0.3dB 5.0dB 8.4dB 3.3dB
10 9.5dB 12.6 dB 10.0dB | 24.0dB 9.8dB 9.7dB 00 9.7dB 10.1dB | 25.2dB 9.9dB
20 9.5dB 15.6 dB 14.1dB | 24.6dB 13.8dB 14.0dB 00 14.0dB 14.1dB | 33.5dB 14.0dB
15
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Figure 3: SNR’s after convergence for M =5,10, and 20:
(top) SNR (z1, ), (middle) SNR (v, ), (bottom) SNR (u.,). The
output signals u.,, are sorted by their SNR.

solution WM and the MM SE solution WM defined in (34) and
(41), respectively.

We seethat for five sensors, both the separation quality and the
convergence time are very poor. Doubling the number of sensors,
i.e. M =10, improves the situation considerably. The main differ-
ence between 10 and 20 sensorsisthe higher output SNR, whereas
the convergence rate and the separation quality differ only margin-
aly. The improvement of SNR (u) by using more sensors also
stems from the fact that x(A) is smaller in the case where more
sensors are used, as the output SNR improvement is more than just
3 dB for each doubling of the number of sensors. A small singu-
lar value o, resultsin a small SNR (vy,, ), @ noisy virtual sensor
vm,. Since the blind algorithm under consideration steers all out-
put signalsu,, to haveequa power, the noisy signal v,, isstrongly
amplified and therefore causes noisy output signals.

From Table 1 we see that the minimum-norm solution W™
always forces perfect separation (SIR = oo), irrespective of the

Figure 4: Convergence behavior of SNR(u), SIR(u), and
SINR (u) for Ms =5: (top) M =5, (middle) M = 10, (bottom)
M =20.
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Figure 5: Congellation plot after convergence with Ms = 5
4-QAM signds: (top) M =5, (middle) M =10, (bottom) M = 20.
The output signals u,, are sorted by their SNR.



resulting output SNR. This leads to a poor SINR for five sen-
sors, caused by the low output SNR. We conclude from this that
the minimum-norm solution is not the preferred solution for low
SNR (vs), especialy in acommunication system, where minimiz-
ing the SINR is of mgjor interest. The MMSE solution WY
always achieves the highest SINR and SNR, however, typicaly
thereisonly asmall difference to W ... Note that for the adaptive
algorithm a further increase of the final SIR can be achieved by
reducing the step size pi. Furthermore, from Fig. 4 and Table 1 we
see that the fina output SINR ismainly limited by the output SNR
and not by the output SIR. The sensor noise is the limiting factor
for the quality of the output signals.

5. CONCLUSIONS

A two-stage agorithm to solve the overdetermined blind source
separation problem with noisy sensors has been proposed. In a
preprocessing step, a PCA divides the input space into a signal-
plus-noise space and a noise space. The signals in the signal-
plus-noise space are then propagated to a subsequent ICA stage.
The proposed preprocessing stage is an implicit part of the mini-
mum-norm solution and a so of the MM SE solution. Furthermore,
the advantage of using more sensors than source signals has been
demonstrated by a ssimulation example, which show that a faster
convergence rate as well as a higher steady-state SINR can be
achieved.
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