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ABSTRACT

This paper describes two efficient realizations of an adaptive mul-
tichannel blind deconvolution algorithm based on the natural gra-
dient algorithm originally proposed by Amari, Douglas, Cichocki,
and Yang. The proposed algorithms use fast convolution and cor-
relation techniques and operate primarily in the frequency do-
main. Since the cost function minimized by the algorithms is well-
defined in the time domain, the algorithms do not suffer from the
so-called frequency-domain permutation problem. The proposed
algorithm can be viewed as an multi-channel extension of a single-
channel blind deconvolution algorithm recently proposed by the
authors.

1. INTRODUCTION

1.1. Problem description and preliminary work

A well-known problem in acoustics is the so-called cocktail party
problem, where the primary task is separation of a convolutive
mixture of independently generated speech signals. A similar sce-
nario occurs in data communications when an antenna array re-
ceives a multi-path mixture of signals transmitted from several
sources. Independent of any application, this task is generally
known as the multichannel blind deconvolution (MCBD) problem.
The general setup is shown in Fig. 1. The sequence of the source
signals � ��� ���	� is mixed and filtered by a causal convolutive mix-
ing system 
 ��� 

���	
������������ . This process can be described by
a convolutional sum

� ����� 
������ �! #"$���&%(')+* � 
 ) � �-, )  ."$� (1)

where � �/� � � � is the sequence of the sensor signals and " �� "$� � is an additive sensor noise sequence. In a blind setup, only� is accessible to the algorithm; � , 
 , and " are unknown.
In the multichannel blind deconvolution problem we aim at

finding a deconvolution filter 0 �1� 0/23� such that the output4 ����5 �6� of the deconvolution process

4 �7� '%2 * , '
0/2 � �-, 2 � '%2 * , '

�-8 29� �-, 2  0:2 " �-, 2;� (2)

retrieves a waveform-preserving estimate of � , possibly delayed
and permuted. The global-system is defined as 8 �<� 8 23� �0=�>
 with 8 2 �?� 0=�>
@� 2 . Ideally, at least in the noise-
free case, we wish to find a deconvolution matrix 0 such that
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Figure 1: Setup of the multichannel blind deconvolution problem.

the global system can be decomposed into 8��a` � ��bc�a` �6d where8e�a` � �gf 2 8 2 ` , 2 is the two-sided ` -transform of 8 , d is a
permutation matrix, and bc�a` � �.hGikjUlm�;nNo � ` ,mpQq ��������� nEorK` ,mp	s � is
a diagonal matrix with monomial diagonal elements. Constrain-
ing d to be a permutation matrix guarantees perfect separation
of the output signals (i.e., no interchannel interference (ICI)), and
constraining bc�a` � to have non-zero monomial entries guarantees
perfect deconvolution of each channel (i.e., no intersymbol inter-
ference (ISI)). The parameters d ,

� nNot � , and
��u t � are indetermi-

nacies of the MCBD problem [1].
A convolutive mixing system can either be seen as the convo-

lutive extension of instantaneous signal mixing or the multichan-
nel extension of signal filtering, i.e., we can write 
 �a` � � f 2 

2
or 
 �a` � �wv x t ) �a` �-y . Hence, to solve the multichannel blind de-
convolution problem, blind source separation (BSS) algorithms
for instantaneous mixing systems and single-channel blind decon-
volution (SCBD) algorithms must be properly merged. Alterna-
tively, the BSS and SCBD problems can be regarded as being two
special cases of the general MCBD problem, as shown in Fig. 2.
For example, a combination of the BSS algorithm [2] and the
SCBD algorithm [3] yielded the time-domain MCBD algorithm
proposed by Amari et al. [4]. (See also the work of Douglas and
Haykin [5] and [6].) Similar extensions in the frequency domain,
carefully constructed so as not to suffer from the so-called permu-
tation problem, have been carried out by Lambert [7, 8], Lambert

AGC
spatial extensionzaz{z{zGz{zCzCz9| BSS

temporal extension }}~ }}~ temporal extension
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Figure 2: Commutative diagram to reveal the relationship be-
tween different blind problems: Automatic gain control (AGC),
blind source separation (BSS), single channel blind deconvolution
(SCBD), and multichannel blind deconvolution (MCBD).



and Bell [9], and Joho et al. [10]. We note that, in some appli-
cations of MCBD, perfect deconvolution is not required or some-
times not even desired. Algorithms for this latter case are pre-
sented in [11–14].

In the following, we present a low-complexity implementa-
tion of the time-domain MCBD algorithm proposed by Amari et
al. in [4]. The underlying cost function is defined in the time do-
main and assumes that that the source signals � ��� t � � � t�� � � are
mutually independent, white, and non-Gaussian. For the deriva-
tion of the algorithm, we will restrict ourselves to the case that 

and 0 are both

�����
dimensional systems and 0 is causal

finite impulse response (FIR). We allow the source signals
� � t�� �	�

and the mixing system 
 to be complex valued. For computational
efficiency reasons, the convolution operations are implemented in
the frequency domain. However, the cost function, and therefore
also the non-linearity, remains in the time domain to avoid a bin-
wise permutation indeterminacy. Consequently, the proposed al-
gorithm can be viewed as an extension of the SCBD algorithm
recently proposed by the authors in [15].

The outline of the paper is as follows: In Section 2 we describe
the time domain algorithm, in Section 3 we derive the proposed
frequency domain algorithm, in Section 4 we give a simulation
example, and in Section 5 we draw conclusions. In Appendix A
we summarize some useful properties of circulant matrices.

1.2. Notation

The notation used throughout this paper is the following: Vectors
are written in lower case bold, matrices in upper case bold. Matrix
and vector transpose, complex conjugation and Hermitian trans-
pose are denoted by � � � � , � � �
	 , and � � � � � �	� � �
	�� � , respectively.
The element-wise multiplication of two vectors or matrices is de-
noted by � . The identity matrix is denoted by 
 and a vector or
matrix containing only zeros is denoted by � . The � -point DFT
matrix ��� is defined as

v ���$y t ) ��� ,������� t ) ��� ��� � � �����
� z"! � (3)� , �� � !$# � %$� �� � !&# ��%$� 	� � (4)

Circulant and diagonal matrices are denoted as '
 and (
 , respec-
tively, and () � hGikjUlm� (
@� denotes a vector containing the diagonal
elements of (
 . The operation '
 �+* � ') � defines a circulant matrix
with ') in its first column and ') �,* , � � '
@� is the corresponding
inverse operation (see Appendix A for more details).

The variable - is used as a discrete sample index. The block
index is denoted by v . y � �/. %�0 � where 0 is the block length
(block forward shift).

2. TIME-DOMAIN IMPLEMENTATION

2.1. Instantaneous mixing

In [2] Amari et al. proposed the following BSS algorithm for the
instantaneous mixing case

4 � � 0:� � � (5)

0 ��1 � � 0 �! 32 � 
 z54 � 4 �� �M0 � (6)

where 6 t�� � �87 t � 5 t�� � � . This algorithm is based on the natural-
gradient learning algorithm. Based on a local convergence anal-
ysis, the optimal nonlinearity 7 t � � � is suggested to be the score

function of the pdf of the source � t [16]. However, simulations
have shown that the performance of the algorithm is relatively ro-
bust to selection of 7 t � � � . Typical choices are

7 t � 5 t�� � �:9<; iXl>= � 5 t�� � � (7)

for super-Gaussian signals (kurtosis larger than for a Gaussian sig-
nal) and

7 t � 5 t�� � �:9 5 t?� �A@ 5 t�� �B@ C (8)

for sub-Gaussian signals (kurtosis smaller than for a Gaussian sig-
nal). For convenience, we require that 7 t �/� �:D � .
2.2. Convolutive mixing

The BSS algorithm (5)–(6) was extended by Amari et al. in [4]
to the case of convolutive mixing. Their time-domain multichan-
nel blind deconvolution algorithm (TDMCBD) is defined, for time
index - , as

4 ���&%FE2 * � 0/2 � -Q� � �-, 2 (9)

G ���&%FE2 * � 0 �E , 2 � -	� 4 �3, 2 (10)4 ���<H�� 4 � � (11)

0:2 � -  ! � � 0/2 � -	�  32JI 0/2 � -Q� z84 �-, E G
��-, 2LK �:MON v � �QPKy

(12)

where
� 4 � � contains the output samples and G � is an intermediate

signal. The multichannel deconvolution filter
� 0 23� is an multi-

channel FIR filter of length P  ! . Note that, for P �R� , the
TDMCBD algorithm (9)–(12) becomes identical to the BSS algo-
rithm (5)–(6). On the other hand, for

� � ! , (9)–(12) becomes the
single-channel blind deconvolution algorithm proposed in [3].

2.3. Block-wise filtering and adaptation

Alternatively, we can carry out the filtering and the adaptation of
the TDMCBD algorithm in a block-wise manner. At block . , i.e.,- �S. 0 z 0  ! ��������� . 0 , we have

4 �$��%�E2 * � 0:2 v . y � �3, 2 (13)

G �$��%�E2 * � 0 �E , 2 v . y 4 �-, 2 (14)4 �$��H�� 4 � � (15)

0:2 v .  ! y � � !  �2 �G0:2 v . y z 20 % TBU%� * TBU , U 1 �
4 �-, E G

��-, 2 (16)

where 0 is the block size (block-wise forward shift). The block-
wise update in (16) is equal to the average of the sample-wise up-
date in (12) over the entire block of 0 samples. We will refer to the
algorithm (13)–(16) as the block time-domain multichannel blind
deconvolution algorithm (BTDMCBD).

In the following, we will restrict ourselves to the case whereP � 0 , which will simplify the derivation. We rewrite (13), (14),



and (16) for block . in matrix form:����� t�� TBU ,�� U 1 �...� t�� TBU
� �	�
 r�

)�* �
����
 t ) U������ 
 t ) �. . .

. . .
. . .
 t ) U������ 
 t ) �

� �	 �
����� ) � TAU ,�� U 1 �...� ) � TBU

� �	
(17)����� t�� TBU , C U 1 �...� t�� TAU

� �	�
 r�
)+* �

��� 
 ) t � ����� 
 ) t U. . .
. . .

. . .
 ) t � ����� 
 ) t U
� �	 	 �

����� ) � TBU ,�� U 1 �...� ) � TBU
� �	

(18)��� 
 t ) ��� ��� �! ...
 t ) U � �"� �! 
� �	 
$# � �&%(' ��� 
 t ) ��� �  ...
 t ) U � �  

� �	
) %* ������ �

) � TBU , U 1 � ����� � ) � TBU� ) � TBU , U . . .
...

...
. . . � ) � TAU , U 1 �� ) � TBU , C U 1 � ����� � ) � TBU , U

� ����	
	
�
����+ t�� TBU , C U 1 �...+ t�� TAU , U

� �	 .

(19)

In (17) and (18) we have omitted the block index v . y for the filter
coefficients and, hence, , t ) 2 stands for , t ) 2 v . y . Furthermore- t ) v . y � � , t ) � v . y3���������!, t ) U v . y9� � (20)

is the impulse response of the � � -th deconvolution filter at block. .
In block . the update equation (16) needs to be evaluated

for - � . 0 z 0  ! ��������� . 0 . This determines the dimension-
ality of (19). In (19) we need the latest . 0 samples of / ) , i.e.,� / ) � TBU , C U 1 � ���������!/ ) � TBU � , which then determines the dimension-
ality of the LHS vector in (18). For the same reason, the LHS
vector in (17) needs to be the same as the RHS vector in (18).
Eq. (17) and (18) guarantee that all signal samples used for the
update in (19) are derived from the current 0 v . y � � 0 2 v . y;� �� v - t ) 2 v . yXy9� . The equations (17)–(19), together with 6 t�� � �7 t � 5 t?� � � , yield the BTDMCBD algorithm in matrix form.

3. FREQUENCY-DOMAIN IMPLEMENTATION

3.1. FDMCBD-I: 75% overlap

In the following, we employ fast convolution techniques to reduce
the computationally complexity of the BTDMCBD algorithm. To
this end, we define the following vectors of length 0 :� t�� T

� �10 t�� TAU , U 1 � ��������� 0 t�� TAU � � (21)4 t�� T
� � 5 t�� TAU , U 1 � ���������

5 t�� TAU �
�

(22)G t�� T
� � / t?� TBU , U 1 � ���������!/ t�� TBU � � (23)4 t�� T
� 7 t � 4 t�� T � . (24)

where the nonlinearity function 7 t � � � is applied on each vector
element. We also define the following vectors of length 2 0 :

'- t ) v . y � � - �t ) v . ya�Q� �� U , � � � (25)

'� t�� T
� � � �t�� T ,�� � � �t?� T , C � � �t?� T , � � � �t�� T � � (26)

'4 t�� T
� �(34 �t�� T ,�� � 4 �t�� T , C � 4 �t�� T , � � 4 �t?� T � � (27)

'G t�� T
� � 3G �t�� T , C � G �t?� T , � � G �t?� T �43G �t�� T ,�� � � (28)

'4 t�� T
� � � � U ���

�
U � 4
�t�� T , � �Q�

�
U �
�

. (29)

We denote a vector that can contain arbitrary elements with a dot
e.g., 34 T ,�� . Furthermore, we define the following circulant matri-
ces

'0 t ) v . y �+* � '- t ) v . y � (30)

'5 t�� T �+* � '4 t?� T � (31)'6 t�� T �+* � 'G t�� T � (32)

and the projection matrices

d47 �98 
 U 1 � �� ��� U , �;: (33)

d=< �?>@ � C U � �� 
 U �� � � U

AB
. (34)

Since all the matrices involved in the equations (17) to (19) are
Toeplitz, we can enlarge them to 2 0 � 2>0 circulant matrices, such
that we can embed (17)–(19) for block . in the following equations

'4 t�� T � %
r)�* � '0 t ) v . y '� ) � T (35)

'G t�� T ��%
r)�* � '0 �) t '4 ) � T (36)

'4 t�� T �<7 t � d=< '4 t�� T � (37)

'- t ) v .  ! y � � !  �2 � '- t ) v . y z 20 d 7�'6 �) � T '4 t�� T . (38)

Recall that we required 7 t �/� � D � . Therefore '4 t?� T will have the
zero padded structure as given in (29). Since (35), (36), and (38)
describe now circular convolutions, fast convolution techniques
can now be employed. Towards this end, we define the follow-
ing vectors of length � � 2 0 :

(- t ) v . y � � � '- t ) v . y �DC�C�E � '- t ) v . y � (39)

(� t?� T
� � � '� t?� T �DC�C�E � '� t�� T � (40)

(4 t�� T
� � � '4 t�� T �DC�C�E � '4 t�� T � (41)

(G t?� T
� � � 'G t?� T �DC�C�E � 'G t�� T � (42)

(4 t?� T
� � � '4 t?� T �DC�C�E � '4 t�� T � . (43)

Consequently we have from (39)

'- t ) v . y � � , � (- t ) v . y �GFHC�C�E � (- t ) v . y � . (44)

The same is also true for inverting (40)–(43).
We now wish to transform (35)–(38) into the frequency do-

main. To this end, we pre-multiply the equations on both side with
the Fourier matrix � . We begin with (35)

(4 t�� T �&%
r)+* � � '0 t ) v . y$� , � � '� ) � T (45)

�&% r)+* � (0 t ) v . y (� ) � T (46)

where (0 t ) v . y � � '0 t ) v . y � , � . Note that from (61) we know
that (0 t ) v . y ��hGi j lm� � '- t ) v . y9� is a diagonal matrix. Applying
similar steps to (36) and using (62) we get

(G T � %
r)+* � � '0 �) t v . y � , � � '4 ) � T (47)

� % r)+* � (0 	) t v . y (4 ) � T . (48)



Transforming (37) into the frequency domain gives

(4 t?� T � � 7 t�� d < � , � (4 t�� T � (49)

and applying property (62) to (38) gives

(- t ) v .  ! y � � !  �2 � (- t ) v . yz 20 �
d 7 � , � � '6 �) � T � , � � '4 t�� T (50)

� � !  �2 � (- t ) v . y z 20 �@d 7 � , � (6 	) � T (4 t�� T .

(51)

Equations (46), (48), and (51) can be rewritten as

(4 t�� T �&%
r)+* � (- t ) v . y�� (� ) � T (52)

(G t�� T �&%
r)+* � (- 	) t v . y�� (4 ) � T (53)

(- t ) v .  ! y ��� !  �2 � (- t ) v . y z 20 �
d 7 � , � � (G 	) � T � (4 t�� T � .

(54)

Alternatively, since d47 '- t ) v . y � '- t ) v . y holds, we can reformu-
late (54) as

(- t ) v .  ! y � � d 7 � , � I�� !  �2 � (- t ) v . y z 20 (G 	) � T � (4 t?� T K .

(55)

We will refer to (52), (53), (49), and (55) as the FDMCBD-I al-
gorithm The complete implementation of the filter and adaptation
equations is summarized in Fig. 3. We have preferred to use (55)
over (54), which has the advantage that wrap-around errors do not
accumulate in '- t ) v . y if the projection operation �
d�7 � , � is not
carried out in each block (e.g., alternated filter projections [17]).

In the derivation of the proposed algorithm we have restricted
ourselves to the case with P � 0 and � � 2>0 . However, different
choices for P are possible as long as ��� 0  ��C� P z ! � .
3.2. FDMCBD-I: 25% overlap

The FDMCBD-I algorithm as proposed in Sec. 3.1 has a 75% over-
lap between the samples of two subsequent input vectors '� t�� T , �and '� t�� T . Therefore, an output block 4 t�� T is computed, in fact,
three times, namely in block . , .  ! , and .  . . On the other
hand, the vector 4 t�� T , � , which is used for updating the filter co-
efficients, is computed only once, namely in block . . It is also
possible to define a variant of FDMCBD-I with only 25% overlap
between subsequent input vectors by replacing (26) with

'� t�� T
� � � �t�� � T ,�� � � �t?� � T , C � � �t�� � T , � � � �t�� � T � � (56)

and replacing (27) with

'4 t�� T
� �(34 �t?� � T ,�� � 4 �t�� � T , C � 4 �t�� � T , � � 4 �t�� � T � � . (57)

The � 0 output samples � 4 �t�� � T , C � 4 �t�� � T , � � 4 �t�� � T � � from '4 t�� Tare now computed only once. Essentially, this is equivalent
to computing the filtering and adaptation steps only at blocks� ������� . z � � . � .
 �� ������� � . This simple trick reduces the com-
putational complexity by a factor of three. (See also [15].)

FDMCBD-I

Definitions:

d47 �98 
 U 1 � �� � � U , �;:
d < �?>@ � C U � �� 
 U �� � � U

AB
Initialization ( � � ��� ):- t ) v � y � � , t ) � v � ya���������!, t ) U v � y9� �'- t ) v � y � � - �t ) v � ya�Q� �� U , � � �(- t ) v � y � C�C�E � '- t ) v � y �
For each loop . do:

Filtering ( � � ):

� t�� T
� �10 t�� TBU , U 1 � ��������� 0 t�� TBU � �'� t�� T
� � � �t�� T ,�� � � �t�� T , C � � �t�� T , � � � �t�� T � �(� t�� T � C�C�E � '� t�� T �(4 t�� T �
r
%)�* � (- t ) v . y�� (� ) � T'4 t�� T

� � 34 �t�� T ,�� � 4 �t�� T , C � 4 �t?� T , � � 4 �t�� T � ��DFHC�C�E � (4 t�� T �
Adaptation ( � � ��� ):

(G t�� T �
r
%)�* � (- 	) t v . y�� (4 ) � T'4 t�� T

� � � � U �
�
�
U � 4
�t�� T , � ���

�
U �
� �+7 t � d < '4 t�� T �(4 t�� T � C�C�E � '4 t�� T �(- ot ) v .  ! y � � !  �2 � (- t ) v . y z 20 (4 t�� T � (G 	) � T(- t ) v .  ! y � C�C�E � d47 FHC�C�E � (- ot ) v .  ! y �	�

Figure 3: FDMCBD-I 75% Algorithm ( FFT size � � 2>0 ).

4. SIMULATION EXAMPLE

In the following, we give a simulation example to examine the
behavior of the FDMCBD-I 75% algorithm. A real-valued . �. convolutive mixing system 
 �a` � is chosen randomly. Fig. 4
shows some properties of 
 �a` � , e.g., the locations of the poles of!$# h�

��� 
 �a` �	� . They indicate how difficult the mixing system is
to invert, as 
 , � �a` � �cj�h���� 
 �a` �	� # h�
���� 
 �a` �	� . It is clearly seen
that 
 �a` � is non-minimum phase, and, hence, 0 �a` � will have to
adapt to a two-sided filter. The transfer function @ !&# h�
���� 
 � � ��� � @
and the corresponding stable impulse response are also given in
Fig. 4.

We carry out two simulations. In the first simulation, the
source signals � t are random 2-PAM (sub-Gaussian) signals,
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Figure 4: Roots of h�
������ �a` �	� (top), two-sided impulse response of!&# h�
������ �a` �	� (middle), and transfer function of @ !&# h�
������ � � � � �	� @ .

and the nonlinearity is 7 t � 5 t?� � � � 5 t?� � @ 5 t�� �B@ C . In the sec-
ond simulation, the source signals � t are random two-sided
gamma-distributed (super-Gaussian) signals, and the nonlinearity
is 7 t � 5 t?� � � � ; iXl = � 5 t�� � � . The block size is 0 ��� ! . , the FFT
size is � � 2 0 � . � 2�� , and, hence, 2 � 0  ! � � . ��� . filter coeffi-
cients are adapted. The diagonal elements of 0 �a` � are initialized
with a center spike, the off-diagonal element filters are set to zero.
For both simulations the step size is 2 �S� � � � and the input SNR is
30 dB.

The performance curves for a single run are shown in Fig. 5.
The performance criteria are the average residual interchannel in-
terference (ICI) and intersymbol interference (ISI), as defined in
[10], and also the multichannel-ISI (MC-ISI) [18]. As seen in both
cases, the ICI performance reveals a slightly faster convergence
behavior than the ISI. However, the residual values eventually con-
verge to the same value. Thus, the MC-ISI yields roughly a 3 dB
higher value, as it is approximately the sum of the ICI and ISI after
convergence [10].

The impulse responses and the corresponding transfer func-
tions of the mixing matrix 
 �a` � , the demixing matrix 0 �a` � after
convergence, and the global system 8��a` � � 0 �a` �6
 �a` � are shown
in Fig. 6. The shape of 8e�a` � clearly shows the successful separa-
tion and deconvolution of the source signals. The reason why the
transfer functions of 8e�a` � show a slight ripple, is to compromise
the strong noise amplification.

5. CONCLUSIONS

We have presented a low-complexity exact frequency-domain im-
plementation of the time-domain multichannel blind deconvolu-
tion algorithm proposed by Amari et al. in [4]. The computational
complexity of the algorithm can be reduced by a factor of three
(at the expense of a factor-of-three decrease in convergence rate)
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Figure 5: Convergence behavior of the FDMCBD-I 75% algorithm
for sub-Gaussian (top) and super-Gaussian (bottom) source sig-
nals. The performance measures are output ICI, ISI, and MC-ISI.

simply by changing the overlap between consecutive input vec-
tors from 75% to 25%. By suitable choice of nonlinearity, the
algorithm can handle the case where all source signals are sub-
Gaussian or the case where all signals are super-Gaussian. Even
though most of the computation is carried out in the frequency
domain, the algorithm does not suffer from a bin-wise permuta-
tion indeterminacy because the underlying cost function has been
well-defined in the time domain. The presented algorithm is the
multichannel extension of the single-channel algorithm in [15].
Simulation examples demonstrate the separation and deconvolu-
tion capabilities of the presented algorithm. Possible applications
of the algorithm are in acoustics, e.g., teleconferencing or hearing
aids.
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A. CIRCULANT MATRICES AND BASIC PROPERTIES

Since there is a very close relationship between circulant matrix
products and circular convolutions, we recall some of the basic
properties of circulant matrices. For a thorough description we
refer to [19, 20] or [21, Chapter 3].

Let ') �:�;x � ��������� x � � � . We define the corresponding circu-
lant matrix '
 which has ') as its first column as

'
 �<* � ') � �
>��@ x � x �K����� x Cx C x � . . .

...
...

. . .
. . . x �x � ����� x C x �

A
��
B

. (58)

The inverse operation ') ��* , � � '
K� returns the first column of '
 .
Furthermore, we define () � � ') (59)(
 � � '
�� , � . (60)

Then (see [21]) (
 �whCi j lm� () � (61)

� '
 � � , � ��� � '
�� , � � � � (
 � � (
 	 . (62)

With (61) we see that the similarity transform (59) always diago-
nalizes any circulant matrix and therefore the eigenvalue decom-
position (EVD) of a circulant matrix always has the form

'
 � � , � (
<� . (63)


